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Pr esentation outline

1 Historical notesand motivation

2 Codeson graphsfor the erasurechannel

3 Asymptotic analysisof iterative decoding

4 Probabilisticdecoding on soft channels(e.g. the gaussianchannel)

5 Iterative receiversfor multiple access(CDMA) and multiple antennas(MIMO)



Intro duction Erasure Channel Asymptotic Analysis Soft Channels Iterative Receivers Conclusions

Intr oduction

Motivation:
1 Split a complexprobleminto two or more simplersub-problems.

2 Undera givenoptimality criterion, aim at �nding the optimal solutionwith a
reasonablecomplexity.

3 Iterative methods are usefulfor both design(e.g. compound codes)and
optimization (e.g. iterative decoding).

Where?
1 Iterative methods exist in numericalanalysisand other �elds in mathematics.

2 They appeared in the �eld of digital transmissionat leastsincethe mid 50's.
In coding and information theory
In communicationstheory
In signal processing
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Key Dates & Papers (1/2)

All ingredientsare herefor the birth of modern coding/communicationtheory.

P. Elias,Product codesand iterative decoding, 1954.

Lloyd and MacQueen,The k-meansalgorithm, 1957-1967.

R. Gallager,Low-Density Parity-Check(LDPC) codes,1962.

Baum, Petrie, Soules,and Weiss,The Baum-Welchalgorithm, 1970.

Blahut & Arimoto, Computationof channelcapacity, 1972.

Bahl, Jelinek,Coke, and Raviv,The forward-backward algorithm, 1974.

Hartmann & Rudolph,APP decoding basedon the dual code, 1976.

Dempster,Laird, and Rubin, The Expectation-Maximizationalgorithm, 1977.

G. Battail, Replicationdecoding & Soft output Viterbi, 1979-1987.

M. Tanner,Graphcodesand iterative algorithms, 1981.

J. Pearl, Probabilisticreasoningin intelligent systems,1988.
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Key Dates & Papers (2/2)

The era of capacity achievingcodes.

Berrou & Glavieux,Parallel Turbo Codes,1993.

D. Mackay, Rediscoveryof LDPC codesand new improvements,1995.

Luby, Mitzenmacher,Shokrollahi,Spielman,and Stemann,Irregular LDPC
codes,1997.

More recentpapers(1998-2005) can be found in IEEEjournalsand other
scienti�c publications.
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Toy Example

Alternate optimization by Csisz�ar & Tusnady(1984).
Toy example:Find the minimum distancebetweentwo setsA and B.
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Set A
Set B

Exhaustivesearch: jAj � jB j = O(n2) metric computations. It is possibleto
�nd the minimum distanceafter O(n) metric computations.
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Iter ation 1 - Initialize
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Iter ation 1 - Minimize distanc e
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Iter ation 2 - Initialize
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Iter ation 2 - Minimize distanc e
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Iter ation 3 - Initialize
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Iter ation 3 - Minimize distanc e
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Codes on graphs for the erasur e channel

We considerthe ergodic binary erasurechannel(BEC). The channelinput is binary
and its output is ternary. Only erasuresoccur on this channel,no erros.

0 0

?

11

erasure

1 � �

�

�

1 � �

Shannoncapacity of the BEC is C = 1 � � bits per channeluse.

Rate 1/2 code ! � max = 1=2. Rate 1/4 code ! � max = 3=4
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Bip artite graph representation, the Tanner Gr aph (1/2)

We build a code de�ned by a graph in order to �ll erasureson the BEC.

A low-density parity-check(LDPC) code of length N bits and dimensionK is
de�ned by a bipartite graph.

Bitnodesare drawn ascircles, checknodesare drawn as squares.

SPC
(3; 2)2

c1

c2

c3

PCE: c1 + c2 + c3 = 0

For a regular (db, dc) LDPC, bitnodeshavedegreedb and checknodeshave
degreedc. The coding rate is

Rc =
K
N

� 1 �
db

dc
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Bip artite graph representation, the Tanner Gr aph (2/2)

RANDOM

GRAPH

degree = 3 degree = 6
SPC (6, 5, 2)

1000 bit nodes 500 subcode nodes

Tannergraphof an LDPC code, length N = 1000,dimensionK = 500, coding
rate Rc = 1=2. The 3000edgesare chosenat random.
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Decoding algorithm

The number of checknodesis denotedby L = N � K .
In the presenceof a uniform sourceencodedby an LDPC(N,K) code whose
codewords are transmitted on an iid BEC channel,the iterative non probabilistic
decoding algorithm is givenby the following steps:

Step 0: Initialize I ter = 0 and j = 1.

Step 1: Count the number � of erasedbits connectedto checknode j .

Step 2: If � = 1 then �ll the erasedbit by summingother bits modulo 2.

Step 3: Incrementj . If j > L then incrementI ter and set j = 1.

Step 4: If I ter > M axI ter then Stop elseGoto Step 1.

Joseph J. Boutr os A UST, Lebanon April 19, 2006 14 / 28
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Regular (3,6) binary LDPC, N = 1000, K = 500, iid BEC

10-6

10-5

10-4

10-3

10-2

10-1

100

 0.34  0.36  0.38  0.4  0.42  0.44  0.46  0.48  0.5

B
it 

E
rr

or
 R

at
e

Channel Erasure Probability

1 iter
4 iters
8 iters

12 iters
16 iters
32 iters
48 iters
64 iters
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A nalysis of iter ative decoding (1/3)

Assumean in�nite length code with a graphrepresentationwithout cycles(tree
representation).The local neighborhood of a bitnode � in a regular (3,6) LDPC
code is shown below. Let pi denotethe erasureprobability at iteration i .

PCE2

PCE3

One Iteration

Level $i$

Level $i+1$

PCE1

pi +1

�
Channel observation (p0 )

pi pi

It is trivial to prove that
pi +1 = p0 �

�
1 � (1 � pi )5� 2
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A nalysis of iter ative decoding (2/3)

Plot of the transfer function f (x) = p0(1 � (1 � x)5)2 (in blue) versusy = x (in green).

 0

 0.1

 0.2

 0.3

 0.4

 0  0.1  0.2  0.3  0.4

f(
x)

x

p0=0.30

y=x
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A nalysis of iter ative decoding (3/3)

Plot of the transfer function f (x) = p0(1 � (1 � x)5)2 versusy = x.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  0.1  0.2  0.3  0.4  0.5

f(
x)

x

p0=0.30

p0=0.43

p0=0.48

y=x
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Evolution for irr egular codes (1/2)

An LDPC code is said to be 'irregular' if graphnodesof samekind do not
haveequaldegree.

Left irregularity: Bitnodeshavedi�erent degrees.The fraction of edges
connectedto bitnodesof degreei is � i . The degreedistribution is de�ned by

� (x) =
dbX

i =1

� i x i � 1

where� (1) = 1 and 0 � � i � 1 8i .

Right irregularity: Checknodeshavedi�erent degrees.The fraction of edges
connectedto checknodesof degreej is � j . The degreedistribution is de�ned
by

� (x) =
dcX

j =2

� j x j � 1

where� (1) = 1 and 0 � � j � 1 8j .
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Evolution for irr egular codes (2/2)

By looking to the tree neighborhood of a graphnode, it is easyto show that
erasureprobability pi after LDPC decoding at iteration i on the binary erasure
channelsatis�es

pi +1 = p0 � � (1 � � (1 � pi ))

wherep0 = � is the channelerasureprobability.

The stability condition of the �xed point at the origin is obtainedby writing
that f 0(0) < 1. Thus, the necessary and su�cient condition for stability of 0 is

� 0(0) � � 0(1) � p0 < 1

For a generaltype of channels,assumethat all-zerocodeword is transmitted

(geometricaluniformity is satis�ed). If log-ratiosare used,LR = log
�

P (0)
P (1)

�
,

then the �xed point is at + 1 . The stability condition becomes

� 0(0)� 0(1)
Z + 1

�1
p0(x)e� x= 2dx < 1
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Evolution for irr egular codes (2/2)
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APP Decoding of Binary SPC Codes (1/2)

Let us describe the soft-input soft-output (SISO) decoder which is capableof
determiningthe a posteriori probability AP P(ci ) = P(ci jr ; PCE) for eachbit ci .

The observationof ci is a probability proportional to the channellikelihood

obs(ci ) / p(r i jci ) / exp(�
(r i � I (ci ))2

2� 2
n

)

The a priori information � (ci ) is producedby a genie.Any other code
connectedto our code is a potential genie.Write � (ci ) = 1=2 whenno a
priori information is available.

The extrinsicinformation is generatedby the SISOdecoder basedon the PCE
constraint. It can be consideredas a new a priori information producedby our
decoder. For example,sincec1 = c2 + c3 + : : : + cn , the SISO-APPdecoder
computesExtr (c1) as follows:

Extr (c1 = 1) =
1
2

�

 

1 �
nY

i =2

(1 � 2pi )

!

wherepi / � i (ci = 1) � obs(ci = 1).

Joseph J. Boutr os A UST, Lebanon April 19, 2006 21 / 28



Intro duction Erasure Channel Asymptotic Analysis Soft Channels Iterative Receivers Conclusions

APP Decoding of Binary SPC Codes (1/2)

Let us describe the soft-input soft-output (SISO) decoder which is capableof
determiningthe a posteriori probability AP P(ci ) = P(ci jr ; PCE) for eachbit ci .

The observationof ci is a probability proportional to the channellikelihood

obs(ci ) / p(r i jci ) / exp(�
(r i � I (ci ))2

2� 2
n

)

The a priori information � (ci ) is producedby a genie.Any other code
connectedto our code is a potential genie.Write � (ci ) = 1=2 whenno a
priori information is available.

The extrinsicinformation is generatedby the SISOdecoder basedon the PCE
constraint. It can be consideredas a new a priori information producedby our
decoder. For example,sincec1 = c2 + c3 + : : : + cn , the SISO-APPdecoder
computesExtr (c1) as follows:

Extr (c1 = 1) =
1
2

�

 

1 �
nY

i =2

(1 � 2pi )

!

wherepi / � i (ci = 1) � obs(ci = 1).

Joseph J. Boutr os A UST, Lebanon April 19, 2006 21 / 28



Intro duction Erasure Channel Asymptotic Analysis Soft Channels Iterative Receivers Conclusions

APP Decoding of Binary SPC Codes (1/2)

Let us describe the soft-input soft-output (SISO) decoder which is capableof
determiningthe a posteriori probability AP P(ci ) = P(ci jr ; PCE) for eachbit ci .

The observationof ci is a probability proportional to the channellikelihood

obs(ci ) / p(r i jci ) / exp(�
(r i � I (ci ))2

2� 2
n

)

The a priori information � (ci ) is producedby a genie.Any other code
connectedto our code is a potential genie.Write � (ci ) = 1=2 whenno a
priori information is available.

The extrinsicinformation is generatedby the SISOdecoder basedon the PCE
constraint. It can be consideredas a new a priori information producedby our
decoder. For example,sincec1 = c2 + c3 + : : : + cn , the SISO-APPdecoder
computesExtr (c1) as follows:

Extr (c1 = 1) =
1
2

�

 

1 �
nY

i =2

(1 � 2pi )

!

wherepi / � i (ci = 1) � obs(ci = 1).

Joseph J. Boutr os A UST, Lebanon April 19, 2006 21 / 28



Intro duction Erasure Channel Asymptotic Analysis Soft Channels Iterative Receivers Conclusions

APP Decoding of Binary SPC Codes (2/2)

The a posteriori probability, giventhe total observationr , someapriori
information � i and the SPCcode constraint, is proportional to the product of
the two oppositestreamson a graphedge,

AP P(ci ) / � i � obs(ci ) � Extr (ci )

Information Propagation

from left to right

Information Propagation

from right to left

c1

c2

c3

(3; 2)

� 1

� 2

� 3

� 1:obs(c1)

� 3:obs(c3)

Extr (c1)

Extr (c3)

� 2:obs(c2)

Extr (c2)

The proportionality factors are determinedby forcing the following sum:
AP P(ci = 0) + AP P(ci = 1) = 1.
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(3,6) LDPC, N = 10000, K = 5000, BPSK + AWGN
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Regular(6,3) LDPC code, length=10000 bits, dimension=5000, Gaussian channel, BPSK
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Probabilistic Decoding (exact sum-product)
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Iter ative APP detection for MIMO channels (1/2)

Considera frequencynon-selectivemultiple-input multiple-output (MIMO) channel
with nt transmit antennasand nr receiveantennas.

yxb M-QAM
mapper

MIMO
channel

Channelcoe�cients are givenby the entriesof a n t � nr matrix H = [hij ],
wherehij is the complexfading of the channelpath linking transmit antenna
i to receiveantennaj .

The channeloutput is
y = xH + �

wherex 2 (M � QAM )n t � Cn t , y 2 Cn r , and � is an additivewhite
complexgaussiannoisevector.

A multidimensionalalphabet 
 = (M � QAM )n t of sizeM n t = 2mn t .
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Iter ative APP detection for MIMO channels (2/2)

The observationof a multidimensionalsymbol is

obs(x) / p(y jx) / exp
�

�
ky � xH k2

2� 2

�

Independenta priori information � (x) =
Q mn t

j =1 � (bj ).
The a posteriori probability for a complexQAM symbol is

AP P(x i ) =
X

x 2 
 j x i

AP P(x) /
X

x 2 
 j x i

obs(x)
n tY

` =1

� (x` ) / � (x i ) Extr (x i )

The a posteriori information for binary elementsis

AP P(bj ) / � (bj )
X

x 2 
 jbj

obs(x)
Y

` 6= j

� (b̀ )

| {z }

Extr (bj )
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Iter ative APP detection for CDMA (1/2)

Considera chip synchronouscode divisionmultiple accesschannelfor K users.

AWGN

x1

xK

x i

wi

w1

wK

y

Symbols x i belongto a linear modulation, e.g. x i = � 1.

Channelgain coe�cient for useri is ! i .

Equationsfor APP multiuser(CDMA) detectionare similar to those
encounteredin MIMO detection.
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Iter ative APP detection for CDMA (2/2)
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Single user performance

Iterative APP joint detection in CDMA with K = 4 userson a gaussianchannel. The
NRNSCcode is a rate 1/4 16-states(25,27,33,37) for all users. SameSNR per bit for all
users. Each userpseudo-randomlyinterleavesits N = 8192 bits before transmitting on
the multiple accesschannel. No PN spreading. Systemload is 100%.
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Conclusions

Concatenatingsimpleelementary codesleadsto powerful compound codes.

Iterative decoding/detection is an e�cient tool in compound coding systems.

Iterative processingof information opensa new era in coding and
communications.

Future telecommunicationsproducts will bene�t from iterative probabilistic
processingin order to boost performanceand to gain in 
exibilit y and
compatibility.

Supplementary referenceshavebeencited by the speaker during the talk.
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