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Chapter 1

In tro duction

Ov er the past few y ears, wireless net w orks applications ha v e gained ev er-increasing p op-

ularit y . They pro vide no v el opp ortunities for increased reliabilit y that are non-existen t

in p oin t to p oin t comm unications. Ho w ev er, due to the nature of the wireless c hannel,

e�ects suc h as fading, shado wing, and in terference from other transmitters can cause the

c hannel qualit y to �uctuate during transmission. One approac h to com bat suc h c hannel

�uctuations is to design a comm unication system that pro vides some sort of div ersit y ,

i.e. pro vides man y replicas of the signal to the receiv er. Div ersit y can b e temp oral,

spatial, or frequen tial [2]. Multiple-an tenna systems (also called Multiple-Input Multiple-

Ouput (MIMO) systems )ha v e b een sho wn to pro vide spatial div ersit y that b o osts the

p erformance in fading en vironmen ts. In addition, the need to transmit at high data rates

is ful�lled with suc h systems as they allo w the sim ultaneous transmission of m ultiple

streams (spatial m ultiplexing). Ho w ev er, in some cases, due to space or cost limitations,

the implemen tation of more than one an tenna on the same terminal is imp ossible. F or

this reason, the concept of co op erativ e comm unications w as prop osed, whic h means that

terminals can co op erate b et w een eac h others to pro vide spatial div ersit y in a distributed

con�guration, th us forming a virtual an tenna arra y .

In this rep ort, w e study the design of space-time bit-in terlea v ed co ded mo dulations (ST-

BICM) suited for frequency non-selectiv e single-user blo c k-fading c hannels. The outline

of the man uscript is as follo ws:

� In Chapter 2, w e �rst in tro duce the fundamen tal information theoretical limits of

blo c k-fading c hannels in general (namely the outage probabilit y), limits that are

used throughout the rep ort for the analysis of co ded mo dulations. W e then de-

scrib e the ST-BICM transmitter mo del, b efore describing the iterativ e receiv er that

can lead to quasi-maxim um lik eliho o d (ML) p erformance with reasonably lo w com-

plexit y . W e end up this c hapter b y recalling the Singleton b ound on the div ersit y

order of co ded systems for a giv en co ding rate.

� In Chapter 3, w e prop ose ST-BICM sc hemes suited for the m ultiple-input m ultiple-

output (MIMO) c hannel with iterativ e deco ding. First, w e design space-time pre-
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co ding matrices that minimize the discrete input outage probabilit y , and w e sho w

the go o d p erformance of these preco ders since the �rst iteration of an iterativ e re-

ceiv er. Second, w e in v estigate a lo w-complexit y co ded sc heme for a four-transmit

an tenna con�guration based on the Alamouti sc heme. Finally , w e prop ose the design

of turb o co des for MIMO c hannels, and w e will sho w that this sc heme dramatically

approac hes the outage probabilit y limit with relativ ely lo w deco ding complexit y

using in telligen t switc hes (called �co de m ultiplexers�) at the output of the turb o

enco der.

� In Chapter 4, the design of ST-BICM for the amplify-and-forw ard co op erativ e pro-

to col with m ultiple rela ys is considered. W e deriv e b ounds on the div ersit y order

for this proto col, and w e sho w that preco ders that do not en tail an increase in the

detection complexit y are optimal div ersit y-wise. W e next discuss co ding gain issues

for this proto col, and sho w sim ulation results for v arious co ding rates and net w ork

con�gurations. W e �nally sho w the p erformance of co de m ultiplexers with turb o

co des o v er this proto col.

� In Chapter 5, in a goal to ac hiev e optimal co ding gain o v er blo c k-fading c hannels, a

new metho d for the design of irregular turb o co des is prop osed. W e �rst sho w that

irregular turb o co des outp erform LDPC co des for the A W GN c hannel, and then

w e sho w they outp erform the regular turb o co des on blo c k-fading c hannels using

densit y ev olution metho ds.

W e end up this man uscript b y the concluding remarks and some future p ersp ectiv es.
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Chapter 2

Generalities

2.1 In tro duction

In this man uscript, w e deal with wireless blo c k-fading c hannels, that w ere in tro duced

in [3] to mo del slo wly v arying fading c hannels. In this mo del, a frame (or a co dew ord)

sen t o v er the wireless c hannel sees a �xed n um b er of fading co e�cien ts. Standards suc h

as Global System for Mobile Comm unications (GSM) or the promising Orthogonal F re-

quency Division Multiplexing (OFDM) that in v olv e slo w time-frequency hopping are w ell

represen ted b y this c hannel mo del. The blo c k-fading c hannel mo del leads to a n ull ca-

pacit y , as the capacit y dep ends on the instan taneous c hannel instance. In this c hapter,

w e will start b y in tro ducing the information theoretical limit of blo c k-fading c hannels,

that is outage probabilit y . W e will then presen t the general comm unication system w e

will use throughout this rep ort; a transmitter consisting of a space-time preco ded co ded

mo dulation, and a receiv er consisting of an iterativ e detection and deco ding blo c ks. The

last part of this c hapter presen ts the b ound on the div ersit y order of co ded systems on

blo c k-fading c hannels.

2.2 Information theory of fading c hannels

Bac k in 1948, Claude E. Shannon established the de�nition of c hannel capacit y through

the noisy-c hannel co ding theorem [4] as the maxim um theoretical rate at whic h w e can

reliably transmit data (i.e. with a v anishing error rate) o v er a c hannel with a sp eci�ed

bandwidth and at a particular noise lev el. Channel capacit y is a deterministic b ound

that tak es di�eren t expressions dep ending on the c hannel t yp e. No w supp ose that the

input and the output of the c hannel are giv en b y the t w o random v ariables X and Y
resp ectiv ely . The c hannel capacit y is b y de�nition giv en b y:

C = max
p(x)

I (X ; Y) (2.1)
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where p(x) is the input distribution and the m utual information I (X ; Y) b et w een X and

Y is giv en b y:

I (X ; Y) = H (X ) + H (Y) � H (Y; X) = H (Y) � H (Y=X) = H (X ) � H (X=Y ) (2.2)

and the en trop y function H giv es the a v erage amoun t of bits one needs to represen t a

random pro cess. F or the additiv e white Gaussian noise (A W GN) c hannel for instance,

the c hannel capacit y for a Gaussian input is giv en b y:

CAW GN = log2

�
1 + R

Eb

N0

�
bits/s/Hz (2.3)

It is th us p ossible to reliably transmit information on an A W GN c hannel at a rate R <
CAW GN through an in�nite length co dew ord. No w for wireless c hannels, the c hannel

input-output mo del is giv en b y:

y = xH + w (2.4)

where x is the input v ector, y is the output v ector, H is the c hannel matrix with complex

Gaussian fading co e�cien ts, and w is the A W GN v ector. In the presence of ergo dic

Ra yleigh fading, it w as sho wn in [5] [6] that the c hannel capacit y for a Gaussian input

without side information at the transmitter is giv en b y:

C = EH [CH ] = EH

�
log2 det

�
I + PH yH

��
(2.5)

where P is a function of the signal-to-noise ratio. F or single-an tenna quasi-static fad-

ing c hannels, H = h has a single en try . F or m ultiple-an tenna and amplify-and-forw ard

co op erativ e c hannels, the complex c hannel matrix H tak es di�eren t forms that will b e

discussed in the next c hapters. No w as the c hannel gain pro cess is ergo dic, i.e. the time

a v erage is equal to the ensem ble a v erage, the c hannel c hanges at eac h realization. In

other w ords, the randomness of the c hannel co e�cien ts can b e a v eraged out (remo v ed)

o v er time as sho wn in (2.5). This results in the fact that the capacit y of an ergo dic c hannel

is information stable as it tends to a deterministic v alue and long-term constan t bit rates

can b e supp orted.

No w for non-ergo dic fading c hannels, the c hannel gain is a random v ariable and do es not

c hange with time (at least for the duration of a co dew ord). The c hannel gain pro cess is

stationary but not ergo dic, i.e. the time a v erage is not equal to the ensem ble a v erage. This

means that certain �w eak� realizations of the c hannel co e�cien ts can cause the capacit y of

the c hannel to fall b elo w the transmission rate w e w an t to main tain. Non-ergo dic c hannels

are information unstable [7] as c hannel capacit y is not deterministic. The expression for

the c hannel capacit y is a random v ariable with probabilit y densit y function pCH (i ) that

de�nes the �outage� probabilit y [3][8]:

Po = P (CH < R ) =
Z R

0
pCH (i )di (2.6)
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F or blo c k-fading c hannels, w e supp ose that a co dew ord sees nc di�eren t realizations of

the c hannel matrix, and this giv es the follo wing expression for the Gaussian input outage

probabilit y:

Po;nc = P

 
1
nc

ncX

j =1

log2 det
�

I + PH y
j H j

�
< R

!

(2.7)

Note that when D ! 1 , the a v eraging o v er the c hannel realizations leads to the ergo dic

c hannel capacit y as in (2.5). It is clear that area under the tail of the capacit y giv en

the c hannel distribution pCH (i ) in (2.6) is a cum ulativ e distribution function FI (R) . The

outage capacit y can b e seen as the � -capacit y [7 ] [9] [10 ] of the c hannel as:

C� = sup
p(x)

sup f R : FI (R) � � g 0 � � � 1 (2.8)

The � -capacit y C� is the optim um asymptotic rate at whic h information can b e enco ded

o v er the c hannel via a sequence of c hannel co des that yield a maximal probabilit y of

deco ding error of � . Note that:

C� #0 = C (2.9)

whic h giv es the Shannon capacit y . The � -capacit y approac h for outage capacit y suits

the con v en tion of �x p ercen t outage� follo w ed b y certain pap ers (see [11] for example).

Ho w ev er, in this rep ort, w e will use the outage measure as a probabilit y as in (2.6) to b e

able to compare it with w ord error rate p erformance of co ded mo dulations.

As pro v ed in [5], maxim um capacit y o v er ergo dic fading c hannels (consequen tly minim um

outage probabilit y o v er blo c k-fading c hannels) is ac hiev ed with Gaussian inputs, i.e. when

p(x) follo ws the normal distribution. Ho w ev er, with practical comm unication systems, w e

alw a ys deal with discrete input constellations. F or this reason, the expression in (2.5) for

Gaussian inputs do es not hold an ymore. F rom (2.2), w e ha v e:

I (X ; Y) = H (Y) � H (Y=X) (2.10)

No w let X 2 
 , a discrete alphab et of 2n
v ectors. The en tropies from (2.10) can b e

expressed as [12]:

H (Y) = �
Z

y
p(y)log2(p(y))dy

= �
Z

y

X

x

p(y=x)p(x)log2

0

@
X

x0

p(y=x0)p(x0)

1

A dy (2.11)

H (Y=X) = �
X

x

p(x)
Z

y
p(y=x)log2(p(y=x))dy (2.12)
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This giv es the expression of the m utual information as:

I H = n �
1
2n

X

x

Z

y
p(y=x)log2(

P
x0 p(y=x0)
p(y=x)

)dy (2.13)

= n �
1
nc

ncX

j =1

Ex ;y jH j

�
log2

� P
x 0 p(y jx

0
; H j )

p(y jx; H j )

��
(2.14)
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Figure 2.1: Outage limits for quasi-static c hannel, BPSK, 16QAM, and Gaussian input,

half-rate c hannel co ding.

Fig. 2.1 sho ws the outage probabilities of a quasi-static fading c hannel for di�eren t

inputs and half-rate c hannel co ding. As men tioned earlier, Gaussian inputs outp erform

all other distributions at the same sp ectral e�ciency . W e also notice that with half-

rate co ding, the 16-QAM constellation outage probabilit y is closer to the Gaussian input

outage probabilit y than the BPSK mo dulation. As the outage probabilit y re�ects the

v ariations of the m utual information function dep ending on the c hannel realizations, this

b eha vior is explained b y the fact that the m utual information curv e of the 16-QAM

constellation at half-rate co ding is closer to the Gaussian m utual information line than

the BPSK constellation at the same co ding rate (see [13, Fig. 2]). Fig. 2.2 sho ws the

outage probabilities for di�eren t MIMO c hannel an tenna con�gurations, half-rate c hannel

co ding and Gaussian input. The div ersit y order is giv en b y nt � nr , but the co ding gain

di�ers for the same div ersit y order dep ending on the con�guration.
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Figure 2.2: Outage limits for di�eren t MIMO con�gurations, Gaussian input, half-rate

c hannel co ding.

2.3 Bit-in terlea v ed co ded mo dulation (BICM) with it-

erativ e deco ding

In 1992, it w as sho wn in [14] that b y cascading an error correcting co de, a random

in terlea v er and a mo dulator, a comm unication system ac hiev es v ery high gains. Later,

the authors in [15] established a framew ork for the analysis and design of the so-called

�Bit-in terlea v ed co ded mo dulation� (BICM), and sho w ed that this structure allo ws to

approac h the information theoretical limits of the c hannel, for the A W GN case as w ell as

for the ergo dic fading case. Since then, this structure has b een widely studied for di�eren t

scenarios. In [16] [17 ] [18] among others, the authors studied BICM for non-ergo dic fading

c hannels, and it w as pro v ed that this sc heme can also approac h the outage limit of the

c hannel. In this rep ort, the BICM mo del for blo c k-fading c hannels (i.e. non-ergo dic

c hannels) will b e considered.

2.3.1 Structure of the BICM transmitter

The general structure of a BICM is sho wn in Fig. 2.3. It consists of an error correcting

co de C of rate Rc , a deterministic in terlea v er � , a sym b ol mapp er, and a space-time

preco der. W e will no w describ e eac h blo c k and giv e historical notes and classi�cations

that justify our c hoices.
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Figure 2.3: ST-BICM transmitter sc heme.

The error correcting co de

The �eld of c hannel co ding started with Shannon's landmark pap er in 1948 [4]. The idea

is to protect data sen t through a c hannel b y adding some redundancy to the transmitted

signal in w a y to ensure reliable comm unication. The enco der is a bijection b et w een the

information sequence b of length K and the co ded sequence c of length N . The co ding

rate is Rc = K=N . There are di�eren t t yp es of error correcting co des, and they can b e

classi�ed in to t w o ma jor categories [19]:

� Algebraic linear blo c k co des: Hamming, Gola y , Reed-Muller, BCH, and Reed-

Solomon co des among others. Algebraic co ding theory dominated the �rst decades

of c hannel co ding history . The main ob jectiv e of this design theory is to maximize

the minim um distance d (also called Hamming distance ( dmin )) b et w een an y t w o

distinct co dew ords, that is the minim um n um b er of bits in whic h they di�er. They

are mostly used for high data rates, but fail to approac h fundamen tal limits. In

particular, Reed-Solomon co des are e�cien t in applications that su�er from burst y

errors, suc h as magnetic tap e and disk storage for instance. They can pro vide high

error-correction p o w er with relativ ely small redundancy at v ery high data rates.

� Probabilistic co des: in [19], it is stated that � pr ob abilistic c o ding is mor e c onc erne d

with �nding classes of c o des that optimize aver age p erformanc e as a function of

c o ding and de c o ding c omplexity �. This class includes con v olutional co des, pro d-

uct co des, concatenated co des, and trellis deco ding of blo c k co des. Con v olutional

co des w ere in v en ted in [20]. They can b e group ed in to t w o ma jor categories: non-

recursiv e non-systematic con v olutional (NRNSC) co des, where all information bits

are enco ded through shift registers, and recursiv e systematic con v olutional (RSC)

where the unco ded information sequence is sen t through the c hannel and at the

same time is enco ded through a feedbac k register. As a result, the co de can b e

represen ted b y a trellis, whic h allo ws for lo w complexit y deco ders. Although they

ha v e in�nite length, con v olutional co dew ords can b e made �nite b y prop er trellis

termination. In this rep ort, w e will mainly use NRNSC co des with BICM due to

their �exibilit y . Pro duct co des and comp ound co des w ere prop osed in [21] and

[22 ] resp ectiv ely . They consist of a serial concatenation of t w o or more co des at the

transmitter, and b y individual deco ding of ev ery co de at the receiv er. Their concept

lead to the in v en tion of �T urb o-co des� that will b e discussed in c hapter 5. Another

example of concatenated co des are �lo w-densit y parit y-c hec k� (LDPC) co des [23 ].

They are based on sparse generator matrices that allo w for probabilistic iterativ e
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deco ding under the message-passing algorithm. Both LDPC and turb o co des ha v e

b een pro v ed to b e capacit y approac hing co des for the A W GN c hannel. Ho w ev er, in

this rep ort, w e will only deal with trellis co des (NRNSC con v olutional and turb o

co des).

The in terlea v er

The role of an in terlea v er is to scram ble the bits of a co dew ord. It is a v ery imp or-

tan t blo c k in a BICM under iterativ e deco ding, as it ensures indep endance b et w een

the extrinsic probabilities and the a priori probabilities exc hanged b y the no des in

a graph. In addition, if maxim um-lik eliho o d (ML) deco ding is p ossible, an in ter-

lea v er spreads the consecutiv e bits of an error ev en ts th us it limits their in terference.

There are di�eren t t yp es of in terlea v ers: pseudo-random, S-random [24 ], where t w o

consecutiv e bits at the input of the in terlea v er will b e placed a distance S a w a y from

eac h other at the output. In [18 ], a class of optimized in terlea v ers for blo c k-fading

c hannels w as prop osed, class that resp ects the �ideal in terlea ving� conditions. These

conditions are summarized as (see prop osition 5, c hapter 3 in [18]), : � ...the inter-

le aver should uniformly plac e c onse cutive bits on al l the channel time r e alizations,

tr ansmit antennas, and bit p ositions of the mapping and pr ohibit the interfer enc e of

these c onse cutive bits in the mapping �. This class of in terlea v ers will b e frequen tly

emplo y ed throughout this rep ort.

The mo dulator

This blo c k con v erts m co ded bits in to a constellation sym b ol at eac h c hannel use.

The bijection from bits to sym b ols is called mapping (or lab eling) The cardinalit y

of the constellation 
 is giv en b y j
 j = M = 2m
. No w in the case of MIMO systems

with nt � 2 transmit an tennas for instance, the mapp er tak es m � nt bits at eac h

c hannel use and con v erts them in to a v ector of nt mo dulation sym b ols. There

exist di�eren t t yp es of mappings, eac h suited for certain applications or sp eci�c

c hannel t yp es. Gra y mapping, the most widely used, allo ws for only one bit to

c hange b et w een an y t w o neigh b ors of the constellation, but it only exists for square

constellations (i.e. j
 j = 2 2u
). The mapping presen ted in [13 ] kno wn as �Ungerb o ec k

mapping� maximizes the Euclidean distance b et w een neigh b or constellation sym b ols

and is suited for trellis-co ded mo dulations. Mapping issues will not b e treated in

this rep ort, and only Quadrature Amplitude Mo dulations (QAM) will b e considered.

The energy p er M -QAM sym b ol is giv en b y:

Es =
2(M � 1)

3
(2.15)
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The space-time preco der

The preco der S spreads the QAM sym b ols o v er s time p erio ds. In most cases, the

preco der is linear, i.e. it maps the QAM v ector on to a linear com bination of the

constellation sym b ols. Ho w ev er, in some cases, the space-time preco der is not linear,

as is the case for orthogonal designs [25] [26] and the sc heme presen ted in section

3.7.

2.3.2 The BICM iterativ e receiv er

The co dew ords at the output of the concatenation of a space-time preco der and a BICM

can b e seen as global Euclidean co des [18]. Ideally , suc h co des should b e deco ded with

a maxim um-lik eliho o d (ML) deco ding algorithm, but an exhaustiv e searc h o v er all the

co dew ords is unfeasible in practice as the co dew ord size increases. F or this reason, the

receiv er for suc h systems is at the image of the transmitter, whereas corresp onding blo c ks

iterativ ely exc hange soft information. Th us the receiv er of a space-time (ST) BICM con-

sists of t w o main no des: a soft-input soft-output (SISO) a p osteriori probabilit y (APP)

QAM detector, that con v erts the information carried b y the constellation mapp er and

the space-time preco der as soft information on the co ded bits, and a SISO deco der that

tak es the information from the detector as a priori and generates more reliable soft infor-

mation (extrinsic probabilities) on co ded bits. The �nal decision is made on the APP on

information bits at the output of the SISO deco der.

Ideally , the optimal SISO detector computes the c hannel realizations o v er all p ossible

�space-time co dew ords�. This op eration migh t b e to o complex for high data rates (large

constellation size, large n um b er of an tennas, large n um b er of rela ys...). A complexit y

reduction metho d called �List sphere deco ding� [27 ] reduces the exhaustiv e list of candi-

dates to a smaller list without degrading the o v erall system p erformance. There also exist

sub-optimal detectors suc h as SISO Minim um Mean-Square Error (MMSE) detectors or

Serial/P arallel In terference Cancellation (SIC/PIC) detectors dev elop ed in m ulti-user de-

tection theory (see [28 ] and references therein).

As for the c hannel deco ders, there exist hard output deco ders and soft output deco ders.

F or algebraic co des, there only exist hard output deco ders [29 ] [30]. F or con v olutional

co des, the most famous hard output deco der is the �Viterbi algorithm� [31] (also kno wn

as Maxim um-Lik eliho o d Sequence Estimator (MLSE)), that is optimal in the ML sense.

The �rst soft-output deco ding algorithm w as prop osed bac k in the 1950s [32 ]. In 1963,

Gallager prop osed what is kno wn as the �sum-pro duct algorithm� (or also �b elief prop-

agation�) for the iterativ e deco ding of LDPC co des. Later, in the 1970s, the �forw ard-

bac kw ard algorithm� (or BCJR, follo wing the initials of the authors) w as prop osed as a

SISO trellis deco der that giv es the APP on information bits. Due to its additional com-

plexit y and to its sub-optimalit y co dew ord-wise, this algorithm did not replace the Viterbi

algorithm un til the in v en tion of turb o co des, where the exc hange of soft information w as
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mandatory (see c hapter 5). In the late 1980s, the �soft-output Viterbi algorithm� w as

prop osed in [33 ] as a Viterbi algorithm that giv es soft information on co ded bits, but this

algorithm is sub-optimal compared to the BCJR for iterativ e pro cessing. Throughout this

rep ort, the BCJR algorithm will b e used for the deco ding of error correcting co des, due

to its optimalit y in generating soft information on messages.

As men tioned previously , the optim um deco ding of a ST-BICM is to compute a ML de-

co ding algorithm o v er the global co de. This means that the separation b et w een detection

and deco ding is largely sub-optimal; an exhaustiv e ML searc h of the transmitted v ector

at the detector lev el can pro vide information that can mislead the deco der in c ho osing

the probable co dew ord. F or this reason, in a w a y to approac h the optimalit y of the global

ML detection, w e will use an iterativ e detection and deco ding receiv er throughout this

man uscript.

Fig. 2.4 sho ws the general structure of an iterativ e receiv er suited for fading c hannels.

The t w o ma jor blo c ks represen t the SISO detector and the SISO deco der, that are sep-

arated b y in terlea ving blo c ks (the blo c k � � 1
is a de-in terlea v er). The iterativ e pro cess

consists of exc hanging soft information b et w een the t w o blo c ks.

y
SISO

Decoder
SISO

Detector
� � 1

�

� (ci )

� (ci )

Figure 2.4: ST-BICM iterativ e receiv er.

The SISO detector receiv es a complex v ector y 2 CN r
giv en b y:

y = zSH + w = xH + w (2.16)

where z 2 CN t
is the v ector of QAM sym b ols, S is a N t � N t space-time preco der, H is the

complex c hannel matrix, and w is a circularly symmetric zero-mean complex Gaussian

noise v ector with v ariance N0 . F or a MIMO system with nr receiv e an tennas, Nr = s:nr ,

while for a co op erativ e system with � single-an tenna rela ys, Nr = � + 1 . In addition,

N t = s:nt for a MIMO system with nt transmit an tennas, and N t = � + 1 for a co-

op erativ e system, all emplo ying 2m � QAM mo dulations. The detector �rst computes

the c hannel lik eliho o ds p(y=x) o v er CN r
, then it generates the extrinsic probabilities on

co ded bits � (ci ) based on the c hannel lik eliho o ds and the a priori probabilities � (ci ) fed

from the SISO deco der. A t the �rst iteration, all the a priori probabilities are un biased.

Throughout the iterativ e pro cess, the exc hange of probabilities on co ded bits b et w een the
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t w o blo c ks should giv e more reliable soft information on the information bits. An ideal

con v ergence of the pro cess w ould lead to near-ML p erformance.

In the follo wing w e will describ e the optimal APP detector based on a marginalization

o v er an exhaustiv e list. Note that complexit y reduction for suc h detectors w as prop osed

in [27]. By de�nition, the APP of a co ded bit ci is the probabilit y to detect ci when y is

receiv ed:

AP P(ci ) = p(ci =y) =
p(y=ci )p(ci )

p(y)
i = 1; :::; mNt (2.17)

where N t = s:nt for a MIMO system with nt transmit an tennas, and N t = � + 1 for

a co op erativ e system, all emplo ying 2m � QAM mo dulations. In this expression of the

APP on co ded bits at the detector, it is ob vious that the probabilit y on co ded bits p(ci ) is

nothing but the a priori probabilit y fed from the SISO deco der, th us p(ci ) = � (ci ) . No w

the conditional probabilit y densit y function p(y=ci )p(ci ) is obtained b y the marginalization

of the join t probabilit y densit y function of the c hannel lik eliho o d and the co ded bits as

follo ws:

p(y=ci ) =
X

j 6= i; j � mN t

p(y; cj =ci ) (2.18)

=
X

j 6= i; j � mN t

p(y=cj )
Y

u6= i

� (cu) (2.19)

Here w e supp ose that the co ded bits transmitted during the same time p erio d are in-

dep enden t. No w as the noise is A W GN and b y supp osing that the receiv e an tennas are

indep enden t w e can write:

p(y=c1; :::; cmN t ) =
1

2�N 0
e�k y � xH k2=2N0

(2.20)

No w in an iterativ e pro cess in general, a blo c k (i.e. a detector or a deco der) should not

giv e information on a bit to the other blo c k that is kno wn to this blo c k. The APP on

a co ded bit computed b y the detector can b e written as the pro duct of t w o indep enden t

probabilities:

AP P(ci ) = � (ci )� (ci ) (2.21)

As � (ci ) is computed b y the SISO deco der, giving bac k AP P(ci ) to the SISO deco der

is not appropriate. F or this reason, the extrinsic probabilit y � (ci ) is giv en to the SISO

deco der. No w let us de�ne c1; :::; ci ; :::; cmN t 2 
( ci ) as the set of the mN t bits in y ha ving

the i th
bit equal to ci , w e can write the follo wing normalized expression for the extrinsic

probabilities [18 ]:

� (ci ) =
p(y=ci = 1)

p(y=ci = 0) + p(y=ci = 1)
(2.22)

=

P
x02 
( ci =1)

h�
e�k y � x

0
H k2=2N0

� Q
u6= i � (cu)

i

P
x2 
( ci =1)

h
(e�k y � xH k2=2N0 )

Q
u6= i � (cu)

i
(2.23)
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Note that, luc kily enough, the expression for p(y) from (2.17) is cancelled through the

normalization. Indeed, the computation of this quan tit y that dep ends on the transmitted

signal and the noise is tedious.

2.4 Bounds on div ersit y for co ded systems on non-ergo dic

c hannels

On a single-an tenna ergo dic fading c hannel, a frame sees di�eren t c hannel realizations at

eac h time ep o c h. This giv es a Nak agami distribution of high order (represen ted b y the

sum of the khj k2
) at the output of the detector and th us giv es a high order of div ersit y .

The div ersit y order that can b e ac hiev ed b y a ST-BICM on suc h c hannels is th us mainly

limited b y the minim um Hamming distance dmin of the c hannel co de. Ov er blo c k-fading

c hannels with a limited n um b er of states, the situation is di�eren t. In the sequel, w e will

call BO-channel the binary-orien ted c hannel with input ci and output � (ci ) as observ ed

b y the c hannel enco der and the c hannel deco der.

De�nition 1 Under the genie c ondition (i.e. p erfe ct a priori information) in the BO-

channel, the numb er of indep endent binary-input non-er go dic fading sub-channels is de-

note d by Dst and c al le d the state div ersit y .

As an example, in the single-input single-output blo c k-fading c hannel where a co dew ord

spans nc c hannel realizations, w e ha v e that Dst = nc . No w let ! H (c) denote the Hamming

w eigh t of a co dew ord c of length L c generated b y a linear binary co de. W e write ! H (c) =
P D st

i =1 ! i , where ! i is the partial Hamming w eigh t transmitted on the binary-input sub-

c hannel i within the BO-c hannel. The state div ersit y dst (c) ac hiev ed b y the co dew ord c is

the n um b er of non-zero partial w eigh ts. F or a giv en transmitter structure, the ac hiev able

state div ersit y is dst = min c6=0 dst (c) . No w supp ose that eac h L c=Dst bits are transmitted

o v er one c hannel state. By grouping all the bits transmitted o v er one c hannel state in to

one sym b ol, w e get a non-binary co de of length Ns = Dst built on an alphab et of size

2L c=Dst
. The Singleton b ound on the Hamming distance of the non-binary co de (K s; Ns)

is th us giv en b y:

dst � Ns � K s + 1 = Ns � Ns:Rc + 1 (2.24)

Finally , state div ersit y is upp er-b ounded b y [34 ][35]

dst � b Dst (1 � Rc) + 1 c � Dst (2.25)

Note that the maximal div ersit y giv en b y the outage limit under a �nite size QAM al-

phab et also ac hiev es the ab o v e Singleton b ound [10]. W e can notice from (2.25) that full

div ersit y is attained only if Rc � 1=Dst . As Dst gro ws to in�nit y (i.e. tends to an ergo dic

fading c hannel), the div ersit y order of a co ded system is limited b y ! H (c) .
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2.5 Conclusions

W e discussed the outage probabilit y for blo c k-fading c hannels, that represen ts the funda-

men tal lo w er-b ound on the p erformance of co ded mo dulations for long enough co dew ords

on this t yp e of c hannels. W e then presen ted our system mo del, that will b e used through-

out this man uscript to design sc hemes that approac h the outage probabilit y limit. W e

�nally explained the b ounds on the div ersit y order of a binary co de o v er blo c k-fading

c hannels, b ound that will b e elab orated further to �t to sp eci�c t yp es of blo c k-fading

c hannels, namely the m ultiple-input m ultiple-output (MIMO) c hannel and amplify-and-

forw ard co op erativ e fading c hannel.
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Chapter 3

Co ded mo dulations for the m ultiple-

an tenna c hannel

3.1 In tro duction

Since the late nineties, emplo ying m ultiple-an tennas on a comm unicating terminal has

b een of great in terest as a result of the dramatic increase in capacit y these systems can

pro vide [5][6]. Moreo v er, for blo c k-fading c hannels, m ultiple-an tennas are a mean to pro-

vide spatial div ersit y that allo ws to com bat the �uctuations of the qualit y of the c hannel.

Since then, researc hers in the wireless comm unication comm unit y studied and designed

e�cien t sc hemes for suc h systems that allo w for maximal div ersit y orders and high p er-

formance. With the exception of few w orks that will b e men tioned in this c hapter, most

designs only considered the protection of constellation sym b ols under ML deco ding, with-

out taking in to accoun t the presence of an error correcting co de. In this c hapter, w e will

prop ose co ded mo dulation sc hemes for the m ultiple-an tenna c hannel that p erform close to

c hannel limits. W e will start b y a state-of-the-art of co ding sc hemes for the MIMO c han-

nel in section 3.2. W e will then sho w the frame error rate of unco ded space-time rotations

as a function of the frame length (that constitutes the motiv ation b ehind our w ork), the

general system mo del, and the b ounds on the div ersit y order ac hiev ed b y m ultiple-an tenna

systems. Next w e will discuss our three prop osed sc hemes; the �rst one consists of de-

signing space-time preco ders that minimize the discrete-input outage probabilit y (section

3.6), the second consists of the extension of the Alamouti sc heme to a system with nt = 4
transmit an tennas (section 3.7), and the third considers co de m ultiplexer design for turb o

co des (section 3.8).

3.2 A brief historical note

After the pioneering w orks in [5][6] on m ultiple-an tenna c hannels, the author in [36] pro-

p osed the Bell-Labs La y ered Space Time co des (BLAST), that dem ultiplex the sym b ol
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stream o v er nt transmit an tennas, while the receiv er reco v ers the transmitted sym b ols

through nr receiv e an tennas. This sc heme w as capable of ac hieving high data rates

through spatial m ultiplexing, but it w as not capable of reco v ering the div ersit y pro vided

b y the transmit an tennas as no �smart� pro cessing w as p erformed at the transmitter lev el.

F or that reason, the authors in [26 ][37] prop osed design criteria for �space-time co des�, in

a goal to mak e b ene�t from the transmit div ersit y at the receiv er. These criteria consisted

of minimizing the pairwise error probabilit y of a pair of space-time co dew ords b y maxi-

mizing b oth the determinan t and the rank of the co dew ord matrix. The co des prop osed

at �rst w ere constructed follo wing orthogonal designs, from the famous Alamouti co de

for nt = 2 [25] to the generalization for an y n um b er of transmit an tennas in [26 ]. In the

same pap er [26 ], the authors prop osed the �space-time trellis co des�; these co des follo w

the concept of con v olutional co des as they are enco ded via a trellis. They ha v e b etter

error rate p erformance than orthogonal space-time blo c k co des, but they require a viterbi

deco der th us an increase in deco ding complexit y . The problem with these co des is that

they sev erely degrade the information rate b y in tro ducing redundancy , and this degra-

dation is prop ortional to the n um b er of transmit an tennas. Indeed, for an orthogonal

complex space-time blo c k co de emplo ying nt an tennas, the maximal ac hiev able rate is:

Rp =
1 + log2 nt

2: log2 nt
(3.1)

As a nresult of this limitation of orthogonal designs, the use of algebraic to ols to build

space-time rotations that attain full div ersit y and full spatial m ultiplexing w as consid-

ered. Indeed, preco ding signals for fading c hannels, whic h is w ell-kno wn in single an tenna

transmissions, has b een redisco v ered for m ultiple-an tenna c hannels. In fact, Battail w as

the �rst to suggest rotations to com bat c hannel �uctuations in [38 ]. The pioneering w ork

on m ulti-dimensional rotated mo dulations ac hiev ed in the nineties, suc h as [39][40][41 ],

op ened the w a y for the study of m ulti-dimensional rotations (i.e. linear unitary preco ders)

in MIMO c hannels. Rotations in single an tenna systems ha v e b een designed b y classical

algebraic criteria, except for orthogonal transforms prop osed b y Rainish whic h are based

on the minimization of the cut-o� rate [42]. Also, it has b een sho wn in [43] that ran-

dom rotations p erform as go o d as algebraic rotations in a high-div ersit y high-dimensional

en vironmen t. In [44] [45] [46 ] among others, the authors prop osed then algebraic construc-

tions of space-time co des for unco ded m ultiple-an tenna systems, and they outp erformed

orthogonal designs as they w ere full-rate, i.e. one sym b ol is sen t p er transmit an tenna p er

sym b ol time. Ho w ev er, new problems ha v e arisen with these designs, as the determinan t

of the co dew ord matrix v anishes with an increase in the constellation size. The race to

the optimal space-time co de for unco ded systems w as ended b y the w orks in [47] [48 ]

[49] for nt = 2 and b y [50] for nt = 3; 4; 6. Indeed, these w orks pro vide space-time co des

that ha v e non-v anishing determinan ts, th us they yield optimal p erformance with unco ded

systems under maxim um-lik eliho o d detection. As an example, the Golden co de [47] is an
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algebraic preco der optimized for nt = nr = 2 , its preco ding matrix is:

SGC =

2

6
6
6
4

0:52e� j 0:55 0 0 0:85e+ j 1:01

0:85e� j 0:55 0 0 0:52e� j 2:12

0 0:85e+ j 2:58 0:52e� j 0:55 0
0 0:52e� j 0:55 0:85e� j 0:55 0

3

7
7
7
5

(3.2)

As an alternativ e to the design criteria prop osed in [26 ][37], linear disp ersion (LD) co des

[51] w ere designed for m ultiple an tenna c hannels b y a searc h that maximizes the ergo dic

capacit y of the c hannel under a Gaussian c hannel input. Suc h a design is not necessarily

suitable for a non-ergo dic c hannel with a �nite n um b er of states, as these c hannels are

information unstable [7 ]. Also, the t yp e of input alphab et is not considered in the searc h

for linear disp ersion co des.

The ma jor dra wbac k of the aforemen tioned design criteria is that they do not tak e in to

accoun t the concatenation with an error correcting co de in the system. F urthermore,

space-time signal mo dulations m ust b e com bined to error-correcting co des in order to

ac hiev e optimal p erformance in the information theoretical sense.

F or this reason, the authors in [17][18] considered bit-in terlea v ed co ded mo dulations for

space-time co ding (ST-BICM). They sho w ed that quasi-optimal global ML p erformance of

the co ded mo dulation is ac hiev ed b y imp osing sp eci�c constrain ts (called genie c onditions )

on the structure of the space-time preco der under ideal in terlea ving. In fact, in order

to guaran tee maxim um div ersit y order and maxim um co ding gain at the output of the

detector, the design m ust guaran tee t w o conditions:

� Orthogonal sub-ro ws in the linear preco ding matrix.

� Equal norm sub-ro ws in the linear preco ding matrix.

If these conditions are met, p erfect a priori probabilit y feedbac k will b e assumed in the

iterativ e join t detection and deco ding of ST-BICM, hence quasi-ML p erformance will b e

attained in practice after some iterations at a high signal-to-noise ratio. As an example,

the cyclotomic rotation giv en b elo w is an algebraic preco der satisfying the genie conditions

for ST-BICM with nt = 2 :

SCyclo = [ � ij ] =
1
2

2

6
6
6
4

1 1 ej 6�= 15 � ej 6�= 15

ej 2�= 15 je j 2�= 15 � ej 8�= 15 je j 8�= 15

ej 4�= 15 � ej 4�= 15 ej 10�= 15 ej 10�= 15

ej 6�= 15 � je j 6�= 15 � ej 12�= 15 � je j 12�= 15

3

7
7
7
5

(3.3)

where w e ha v e the follo wing:

� V ector (� i; 1; � i; 2) is orthogonal to v ector (� i; 3; � i; 4) on an y ro w i , i = 1 : : : 4.

� V ectors (� i; 1; � i; 2) and (� i; 3; � i; 4) ha v e equal norms.
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Note that most of the algebraic space-time rotations designed for unco ded systems

guaran tee at least one of the ab o v e conditions. The preco ding matrix SGC of the Golden

co de from (3.2) for instance guaran tees the �rst genie condition, and the second condition

can b e comp ensated b y an error correcting co de with high co ding gain [18 ].

In this c hapter, w e will prop ose space-time preco ders suited for the ST-BICM sc heme

whose design is mostly based on the conditions established in [17][18] for optimal p erfor-

mance. Before doing so, w e will sho w the b eha vior of the frame error rate p erformance of

unco ded space-time rotations and recall the b ounds on the div ersit y orders that can b e

attained b y a ST-BICM on MIMO blo c k-fading c hannels under ideal in terlea ving.

3.3 Upp er b ound on the frame error rate for unco ded

space-time signaling

Supp ose that w e concatenate N f space-time preco ded blo c ks forming a frame to b e trans-

mitted on a blo c k-fading c hannel with a probabilit y of error Pf (N f ) . Supp ose no w that

eac h blo c k has div ersit y order d, so the probabilit y of error Pc of eac h indep enden t co de

is a function of the signal-to-noise ratio 
 and a c hi-square random v ariable y giv en b y:

y =
2dX

i =1

y2
i yi � N f

�
0; � 2

�
(3.4)

p(y) =
yd� 1e� y=2� 2

(d � 1)!
(3.5)

No w let Pf (N f ) denote the frame error rate as a function of N f :

Pf (N f ) =
Z + 1

0

h
1 � (1 � Pc(
; y ))N f

i
p(y)dy (3.6)

W e can write that [34 ]:

Pf (N f ) � 1 � (1 � Pc(
; y ))N f � N f :Pc(
; y ) (3.7)

whic h giv es the upp er b ound on Pf (N f ) as N f go es to in�nit y as [18 , App endix A]:

Pf (N f ) �
Z + 1

0
min [1; Nf :Pc(
; y )] p(y)dy (3.8)

=
Z �

0
p(y)dy +

Z + 1

�
N f :Pc(
; y )p(y)dy (3.9)

where � is giv en b y:

Pc(
; � ) =
1

N f
(3.10)
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No w let us supp ose that when 
 go es to in�nit y w e get:

Pc(
; y ) �= e� y
= 2
(3.11)

whic h giv es the v alue for � as:

� =
2



log(
N f

2
) (3.12)

No w w e can write the �rst term of (3.9) as:

Pf 1(N f ) =
Z �

0
p(y)dy = 1 � e� �

d� 1X

k=0

� k

k!
= e� �

+ 1X

k= d

� k

k!
(3.13)

Then w e can write:

lim

 ! + 1 ;N f ! + 1 ;

Pf 1(N f ) =

h
2

 log(N f

2 )
i d

d!
(3.14)

Finally w e can write the second term of (3.9) as:

Pf 2(N f ) =
Z + 1

�
N f :Pc(
; y )p(y)dy (3.15)

and:

lim

 ! + 1

Pf 2(N f ) = lim

 ! + 1

Z + 1

�
N

ym� 1e� (1+ 

2 )y

(m � 1)!
dy (3.16)

= lim

 ! + 1

N
e� 
 (1+ 


2 )

(1 + 

2 )d

d� 1X

k=0

�

 (1 + 


2 )
� k

k!
(3.17)

= lim

 ! + 1

1
(1 + 


2 )d
(3.18)

W e can notice from equation (3.14) that the frame error rate of an unco ded system

degrades as log(N f )d
where d is the div ersit y order. Hence, it is imp ossible to approac h

outage probabilit y with unco ded systems, as a co ding sc heme that approac hes outage

probabilit y has to b e insensitiv e (or sligh tly sensitiv e) to blo c k length. F or the Alamouti

sc heme for instance, the frame error rate is upp er-b ounded b y:

Pf (N f ) �
2 log2( N f

2 ) + 4 log( N f

2 ) + 4

 2

(3.19)

In a similar w a y , it w as found in [52] that the frame error rate obtained b y concate-

nating N f (8; 4; 4) blo c k co des is upp er-b ounded b y:

Pf (N f ) �
2 log2(2N f ) + 3 =7 log(7N f ) + 2 log(2N f ) + 24=7

(2Rc
 )2
(3.20)

In addition, it w as observ ed in [53 ] that the frame error rate of con v olutional co des

v aries logarithmically with N f on blo c k-fading c hannels.
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3.4 System mo del and notations

In this c hapter, w e consider the BICM sc heme as presen ted in section 2.3 concatenated

with a space-time preco der as sho wn in Fig. 2.3.

The c hannel mo del for a preco ded ST-BICM is giv en b y:

y = zSH + w = xH + w (3.21)

where z 2 
 = ( M -QAM)

N t
and N t = Rp � s� nt , the parameter s b eing the time spreading

of a preco ding matrix S of dimensions N t � N t =Rp , where Rp is the rate of the preco der. In

general, S is a full-rate unitary matrix (i.e. Rp = 1 ) whose structure is matc hed to iterativ e

detection as the class of cyclotomic rotations prop osed in [17][18]. The MIMO c hannel

matrix has dimensions N t=Rp � Nr =Rp , and assuming that the n um b er of indep enden t

c hannel realizations observ ed during one co dew ord transmission is nc , w e get:

H = diag

0

B
@

1=Rp
z }| {
H 1; : : : ; H 1| {z }

s:Rp =nc

; : : : ; H nc ; : : : ; H nc ; : : : ; H 1; : : : ; H 1| {z }
s:Rp =nc

; : : : ; H nc ; : : : ; H nc

1

C
A (3.22)

the additiv e white Gaussian noise v ector w of dimension Nr =Rp is assumed to b e circularly

symmetric with zero mean and mean N0 . The Ra yleigh fading c hannel is quasi-static fre-

quency non-selectiv e, i.e. the whole transmitted frame undergo es one c hannel realization.

The c hannel co e�cien ts are supp osed to b e p erfectly kno wn (p erfect CSI) to the receiv er,

but not to the transmitter. W e mak e the assumption of p erfect c hannel estimation and

p erfect sync hronization. Digital transmission is made as follo ws: uniformly distributed

information bits are fed to a binary con v olutional enco der C. Co ded bits f ci g are then

in terlea v ed through � , Gra y mapp ed in to QAM sym b ols, preco ded through S and trans-

mitted on the MIMO c hannel giv en b y (3.22). The coheren t MIMO detector computes

an extrinsic information � (ci ) based on the kno wledge of H , the receiv ed v ector y , and

indep enden t a priori information � (cj ) for all co ded bits. The co ding rate is Rc 2 [0; 1].

The transmitted information rate is equal to R = RpRcnt log2 M bits p er c hannel use,

where M is the cardinalit y of the bi-dimensional QAM constellation. An in terlea v er �
enables iterativ e probabilistic MIMO detection [54][55 ] of the binary-orien ted c hannel.

3.5 Div ersit y b ounds for co ded m ultiple-an tenna sys-

tems

In ST-BICM, there exists a strong in teraction b et w een the error correcting co de with

in terlea ving and the linear preco der, b oth in terms of div ersit y and co ding gain maxi-

mization [18 ]. Complexit y can b e con trolled b y the c hoice of a space-time rotation S with

minimal time spreading factor s that guaran tees full div ersit y [56]. In other terms, the

lo w est complexit y solution w ould b e to �rst let the c hannel deco der reco v er the highest
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amoun t of div ersit y p ossible, then the detector reco v ers the remaining div ersit y through

time spreading. F or a MIMO c hannel, the channel diversity is de�ned as Dch = ntncnr ,

whic h is equal to the in trinsic div ersit y order of the ph ysical c hannel. F or a giv en transmit-

ter structure, the ac hiev able c hannel div ersit y is dch = lim SNR ! + 1 � log(Pe)=log(SNR) ,

where SNR is the signal-to-noise ratio and Pe is the error probabilit y .

When S is the iden tit y matrix, the ST-BICM div ersit y order is upp er-b ounded b y [35 ]:

dch � min (nr bntnc(1 � Rc) + 1 c; Dch) (3.23)

With a v anishing co ding rate, i.e. Rc ! 0, it is p ossible to attain the o v erall system

div ersit y order nr ncnt pro duced b y the receiv e an tennas, the transmit an tennas and the

distinct c hannel states. Unfortunately , this is unacceptable due to the v anishing trans-

mitted information rate. Preco ding is one means to ac hiev e maxim um div ersit y with a

non-v anishing co ding rate. Under linear preco ding that spreads QAM sym b ols o v er s
time p erio ds, the Singleton b ound b ecomes [56 ]:

dch � min
�

snr

j
b
ntnc

s
c(1 � Rc) + 1

k
; Dch

�
(3.24)

No w if s = nt :nc , from the ab o v e inequalit y , w e observ e that preco ding ma y ac hiev e

maximal div ersit y ntnc without the use of error-correcting co des. Unfortunately , near-

outage p erformance is imp ossible in this case due to the w eak co ding gain of all kinds of

space-time preco ders, as w as discussed in section 3.3. The near-outage p erformance of

ST-BICM is a judicious trade-o� b et w een error-con trol co ding and linear QAM preco ding.

The genie conditions are optimal, in terms of ML p erformance, when all div ersit y giv en

b y the transmit an tennas is collected at the detector (i.e. s = nt ). A supplemen tary

condition (that will b e discussed later) called �Disp ersiv e Nucleo Algebraic� (DNA) has

b een prop osed in [18] to k eep optimalit y when s < n t while ha ving the genie conditions

on sub-groups of transmit an tennas.

With a judicious c hoice of an error-correcting co de and a linear preco der, maxim um

div ersit y is easily attained ( dch = Dch ). In general, a Nak agami distribution of order

Dch=Dst is asso ciated to eac h binary-input sub-c hannel em b edded within the BO-c hannel.

Recall that Dst is the state div ersit y seen b y the binary co de. T o illustrate the ab o v e

de�nitions, w e list the follo wing examples:

� F or nt = 2 , nr = 1 , Dch = 2 , and without rotation ( s = 1 ). W e get Dst = 2 .

� F or nt = 2 , nr = 2 , Dch = 4 . Without rotation ( s = 1 ), w e ha v e Dst = 2 . With a

cyclotomic rotation ( s = 2 ), w e get Dst = 1 .

� F or nt = 4 , nr = 2 , Dch = 8 . Without rotation ( s = 1 ), w e ha v e Dst = 4 . With a

cyclotomic DNA rotation ( s = 2 ), w e get Dst = 2 .
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3.6 Space-time preco ders based on information outage

minimization

3.6.1 In tro duction

A t that stage, in the existing w orks, the authors ac hiev ed optimal (quasi-ML) p erformance

with a space-time preco ded BICM under iterativ e detection and deco ding. The genie

conditions ensure that a priori information fed bac k from the deco der b ecomes p erfect

after a certain n um b er of iterations. Ho w ev er, in some practical receiv ers, an iterativ e

algorithm migh t not b e p ossible due to resource limitations. The high data rates and the

high pro cessing sp eed required in a comm unication system can put strict constrain ts on the

n um b er of iterations. F or this reason, w e will presen t full-rate space-time preco ders that

lead the ST-BICM to p erform w ell since the �rst iteration. Hence, w e prop ose a simple

information theoretical design of m ulti-dimensional rotations that tak e in to accoun t the

in teraction b et w een c hannel co ding and sym b ol space-time spreading.

3.6.2 Linear preco ding designs

F or a �xed rotation S and nc �xed MIMO c hannel matrices H i , i = 1 : : : nc , de�ned b y

the nc fading blo c ks, let I SH = I (z; y) denote the a v erage m utual information of the

equiv alen t c hannel with QAM input z and complex output y as in (3.21). The expression

of I SH is a sligh t mo di�cation of (2.14) that giv es:

I SH = s:m:nt �
1
nc

ncX

i =1

Ez;y jSH i

�
log2

� P
z0 p(y jz

0
; SH i )

p(y jz; SH i )

��
(3.25)

where Ez;y jSH i is the conditional mathematical exp ectation o v er z and y . The c hannel

lik eliho o d is written in its classical form

p(y jz; SH) / exp
�

�
ky � zSHk2

2� 2

�
(3.26)

Expression (3.25) assumes that the preco der S do es space-time spreading within the

same fading blo c k H i . Its main role is to collect transmit div ersit y . Time div ersit y nc is

collected b y the con v olutional co de whereas receiv e div ersit y is naturally collected b y the

detector. The information rate transmitted b y the space-time BICM is R = s:m:nt :Rc

bits p er s time p erio ds (with Rp = 1 for full-rate preco ders). An outage o ccurs if the

instan taneous capacit y , i.e. I SH in our case, is less than R (see section 2.2). The outage

probabilit y asso ciated to the rotation S at a giv en signal-to-noise ratio is

Pout (S) = P (I SH < s:m:n t :Rc) (3.27)
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Figure 3.1: Outage limits for nt = nc = s = 2 , nr = 1 , and Rc = 1=2.

The new design, called IOM (Information Outage Minimization), selects a matrix

SIOM within the ensem ble @of random unitary matrices suc h that

SIOM = arg min
S2@

Pout (S) (3.28)

As an example, c ho osing the b est rotation within an ensem ble @limited to 2000 matrices

yields the matrix written b elo w, for QPSK alphab et with nt = s = 2 and co ding rate

Rc = 1=2

SIOM =

2

6
6
6
4

0:57e+ j 1:71 0:64e+ j 1:55 0:14e� j 1:89 0:49e+ j 1:22

0:34e� j 0:94 0:51e+ j 2:82 0:57e+ j 1:26 0:54e+ j 0:27

0:59e� j 1:38 0:04e� j 0:04 0:61e� j 1:46 0:52e+ j 1:25

0:46e� j 0:84 0:57e+ j 1:74 0:53e+ j 3:05 0:43e� j 2:66

3

7
7
7
5

By minimizing the discrete-input outage probabilit y , the random rotation mak es the dis-

tribution of the input v ector x = zS to the c hannel lo ok lik e a Gaussian distribution. Fig.

3.2 sho ws the distribution of the v ector zSIOM for a BPSK mo dulation, the b ell shap e

of the curv e is �agran t. The problem with the matrix SIOM is that it do es not satisfy

the genie conditions. Although it b o osts the p erformance after a �one-shot� detection and

deco ding pro cess, it do es not guaran tee optimal con v ergence of the iterativ e pro cess. T o

mak e our design suited for b oth �one-shot� detection and iterativ e deco ding, a smaller

set @G of random unitary matrices is obtained b y adding to @the �rst genie constrain t,

i.e. orthogonal sub-ro ws in S. This condition is m uc h more imp ortan t than the second

genie constrain t (i.e. equal-norm sub-ro ws) as it giv es indep enden t extrinsic probabilities

at the output of the SISO detector. This second design, called G-IOM, selects a matrix
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Figure 3.2: Distribution of zSIOM for a BPSK mo dulation.

SG � IOM satisfying

SG � IOM = arg min
S2@G

Pout (S) (3.29)

As an example, c ho osing the b est rotation within an ensem ble @G limited to 2000 matrices

yields the matrix written b elo w, for QPSK alphab et with nt = s = 2 and co ding rate

Rc = 1=2

SG � IOM =

2

6
6
6
4

0:88e� j 0:30 0 0 0:48e� j 0:55

0:48e� j 0:33 0 0 0:88e+ j 2:57

0 0:47e� j 2:12 0:88e+ j 2:85 0
0 0:88e+ j 2:96 0:47e� j 1:49 0

3

7
7
7
5
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P
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t

Eb/N0 (dB)

Outage Probability, QPSK Input
Outage Probability, QPSK Input with precoding
Outage Probability, Gaussian Input

Figure 3.3: Outage limits for nt = nc = s = 2 , nr = 1 , and Rc = 3=4.

No w for the case of nt = 4 , using a half-rate con v olutional co de allo ws us to emplo y a
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DNA preco der with s = 2 as it ensures maximal div ersit y through (3.24). W e th us design

a DNA-IOM preco der that minimizes and satis�es DNA constrain ts [18]; the �rst step is

to pic k a 4� 4 rotation from the ensem ble @DNA of random rotation, and the second step

is to place the orthogonal n ucleotides inside an 8 � 8 matrix and separate them with n ull

n ucleotides. W e obtain the follo wing rotation for nt = 4 and s = 2 (see prop osition (2),

page 54, in [18]):

SDNA =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

� 11 � 12 0 0 � 13 � 14 0 0
0 0 � 11 � 12 0 0 � 13 � 14

� 21 � 22 0 0 � 23 � 24 0 0
0 0 � 21 � 22 0 0 � 23 � 24

� 31 � 32 0 0 � 33 � 34 0 0
0 0 � 31 � 32 0 0 � 33 � 34

� 41 � 42 0 0 � 43 � 44 0 0
0 0 � 41 � 42 0 0 � 43 � 44

3

7
7
7
7
7
7
7
7
7
7
7
7
5

(3.30)

with:

� DNA � IOM =

2

6
6
6
4

0:73e� j 0:81 0:22e+ j 4:62 0:15e+ j 0:60 0:61e+ j 2:59

0:21e+ j 3:99 0:56e+ j 4:44 0:62e+ j 0:25 0:50e� j 1:29

0:57e+ j 0:79 0:13e� j 1:28 0:57e� j 0:63 0:57e+ j 0:90

0:29e+ j 1:01 0:78e+ j 3:49 0:51e+ j 2:27 0:20e+ j 0:91

3

7
7
7
5

The DNA-IOM preco der is th us obtained b y com bining SDNA with � DNA � IOM . Also,

the DNA-cyclotomic preco der is constructed b y com bining SDNA to � DNA � Cyclo = SCyclo

giv en previously in (3.3).

Fig. 3.1 and 3.3 sho w the outage limit for di�eren t t yp e of preco ders in terms of W ord

Error Rate v ersus signal-to-noise ratio. The outage probabilit y has b een also ev aluated

for other system parameters. In �g. 3.1, the preco ding matrix enhances the co ding gain of

the discrete-input outage curv e. In �g. 3.3, follo wing the expression in (3.24), a preco ding

matrix with s = 2 is mandatory to reco v er the div ersit y at the receiv er, as illustrated b y

the discrete-input outage curv es of the unrotated case (that do es not ac hiev e div ersit y),

and the rotated case. All outage ev aluations ha v e b een made b y (3.25) and (4.13), without

Gaussian and analytical appro ximations when the c hannel input is a Gaussian alphab et

as in [57 ][11].

3.6.3 Sim ulation results

In order to emphasize the div ersit y order created b y co ding at the transmitter side, all

computer sim ulations ha v e b een conducted with the n um b er of receiv e an tennas nr = 1 .

Fig. 3.4 and 3.5 illustrate the w ord error rate p erformance of a space-time BICM for nt = 2
transmit an tennas, nc = 2 c hannel states, s = 2 time p erio d spreading and a co ding rate

Rc = 1=2. Fig. 3.6 illustrates the case with nt = 4 transmit an tennas and a preco ding
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spread factor s = 2 . A t the �rst iteration, for nt = 2 , IOM preco ding sligh tly outp erforms

other rotations. After 10 detection/deco ding iterations, IOM is outp erformed b y G-IOM

and other algebraic rotations. The sligh t di�erence in p erformance is still apparen t for

nt = 4 .
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10-1

100

 4  5  6  7  8  9  10  11  12  13  14

W
E

R

Eb/N0(dB) at the receiver

Cyclotomic, iter 1
Golden Code, G-IOM.,iter 1
IOM, iter 1
Cyclotomic, Golden Code, G-IOM, iter 10
IOM, iter 10

Figure 3.4: QPSK mo dulation, nt = s = nc = 2 , nr = 1 , rate 1/2 16-state (23; 35)
con v olutional co de, in terlea v er size N = 2048 bits, 1 and 10 iterations.
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100

 4  5  6  7  8  9  10  11  12  13

W
E
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Eb/N0(dB) at the receiver

ST-BICM
Outage for QPSK Input
ST-BICM + G-IOM
Outage for QPSK Input + G-IOM
Gaussian Input

Figure 3.5: QPSK mo dulation, nt = s = nc = 2 , nr = 1 , rate 1/2 16-state (23; 35)
con v olutional co de, in terlea v er size N = 2048 bits.
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Eb/N0(dB) at the receiver

Mod. Cyclotomic-DNA iter 1
Mod. Cyclotomic-DNA iter 10
DNA-IOM iter 1
DNA-IOM iter 10

Figure 3.6: BPSK mo dulation, nt = 4 , s = nc = 2 , nr = 1 , rate 1/2 16-state (23; 35)
con v olutional co de, in terlea v er size N = 2048 bits.

3.7 Space-time preco ders based on the Alamouti sc heme

3.7.1 In tro duction

One orthogonal design that highly caugh t the atten tion of the wireless comm unications

comm unit y is the Alamouti co de [25] with Rp = 1=2 for nt = 2 . This pragmatic orthogonal

sc heme allo ws to con v ert a 2� 1 ( nt � nr ) an tenna con�guration on to a 1� 2 con�guration,

b y creating t w o indep enden t parallel c hannels. Man y attempts ha v e tried to generalize

the Alamouti sc heme to systems with larger an tenna con�gurations, among them the

ABBA co de [58 ], but in all cases the optimization w as done b y trading one parameter

(div ersit y order, rate of the preco der Rp < 1=2...). In this section, w e presen t a ST-BICM

design suited for a MIMO system with nt = 4 , design that uses the Alamouti structure to

separate blo c ks of space-time rotated sym b ols. In our case, the rate of the preco der is still

Rp = 1=2 ev en though w e ha v e more than t w o transmit an tennas. Ho w ev er, the di�erence

with the nt = 2 case is that in terference among blo c ks is in tro duced. F or this reason, w e

lo ok at the problem as if w e had a Co de-Division Multiple A ccess (CDMA) system with

t w o users (represen ted b y the t w o blo c ks), and in ter-blo c k in terference b ecomes similar to

in ter-user in terference in CDMA. There exists sev eral metho ds to remo v e the in ter-user

in terference in a CDMA system, and the most e�cien t algorithms are those that use

soft information from a c hannel deco der [28][59 ]. In our case, w e c hose to remo v e the

in ter-blo c k in terference using the parallel in terference cancellation (PIC) algorithm, that

pro v es to b e optimal in computer sim ulations in our con text. The p erformance of this

system under quasi-static fading and iterativ e detection and deco ding pro v ed to b e close
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to system limits. All these p oin ts will b e clari�ed in the sequel.

3.7.2 Matrix-Alamouti sc heme

In a ST-BICM, the cardinalit y of the generated set of v ectors is giv en b y j
 j = 2mN t
, m

b eing the n um b er of bits p er bi-dimensional QAM constellation sym b ol. The cardinalit y

increases exp onen tially with nt th us leading to a high deco ding complexit y at the receiv er.

If nt = 4 , m = 2 , and Rp � s = 2 for instance, j
 j = 2 16 = 65536, whic h is in tractable

for practical applications. In the sequel, w e in v estigate a non-linear space-time preco ding

sc heme that com bines the sym b ols in a matrix-Alamouti form [25]. Let us �rst de�ne the

op erators mat(:) and vec(:) : mat(:) transforms a v ector in to a matrix b y putting its last

sub-part b eneath its �rst sub-part, while vec(:) p erforms exactly the in v erse task. Let us

also de�ne the op erator z where:

uz = vec(U y) (3.31)

where u is a complex v ector and U is an y complex matrix. In the new mo del, x is

rewritten as a 1 � 16 ro w v ector:

x =
h

x1 x2 � xz
2 xz

1

i
(3.32)

where x1 = z1S and x2 = z2S are space-time v ectors in C4
, obtained b y m ultiplying a

QAM sym b ol v ector zi 2 (M-QAM)

4
with a 4 � 4 space-time rotation S. Man y design

criteria for nt = 2 an tennas lead to di�eren t classes of rotations S as found in [17][44][47 ],

or IOM and G-IOM rotations presen ted in section 3.6. Although the rate of the preco der

in (3:32) is Rp = 1
2 , it is capable of con v erting the set of cardinalit y j
 j = 2mN t

on to a

smaller set 
 c of cardinalit y j
 cj = 2
mN t

2
, and this is due to the orthogonalit y inheren t to

the Alamouti structure. In addition, the b ound on the div ersit y of this sc heme is exactly

that of a system with nt = 2 , as it creates t w o �parallel� streams via x1 and x2 that ha v e

a div ersit y order of 2 � nr eac h, indep enden tly from the co ding rate Rc in (3.24). With

a con v en tional 4 � nr system, when Rc ! 1, full spreading with s = 4 is mandatory to

reco v er full c hannel div ersit y , yielding an exp onen tial increase in detection complexit y .

With the sc heme prop osed in this section, full spreading means s = 2 . The purp ose is

then to drastically reduce the complexit y at the detector while reco v ering maxim um di-

v ersit y with high co ding rates.

By replacing x in (3.21) b y its form in (3.32), w e get a sligh tly di�eren t c hannel mo del

than the one of (3.21) and (3.22) as follo ws:

�
y1 y2

�
=

h
x1 x2 � xz

2 xz
1

i

2

6
6
6
4

H b1 0
H b2 0
0 H b1

0 H b2

3

7
7
7
5

+
�

w1 w2

�

(3.33)
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where all v ectors y1 , y2 , w1 and w2 are in C2n r
, and:

H b1 =
�

H 1 0
0 H 1

�
; H b2 =

�
H 2 0
0 H 2

�

where H 1 and H 2 are 2 � nr c hannel co e�cien ts matrices. W e can write the receiv ed

signal v ectors from (3.33) as follo ws:

y1 = x1H b1 + x2H b2 + w1 (3.34)

y2 = � xz
2H b1 + xz

1H b2 + w2 (3.35)

The new expressions for y1 and y2 from (3.34) and (3.35) b ecome:

Y 1 = mat(y1) = mat(x1)H 1 + mat(x2)H 2 + mat(w1)

= G1H 1 + G2H 2 + W 1 (3.36)

Y 2 = mat(y2) = mat
�

� xz
2

�
H 1 + mat

�
xz

1

�
H 2 + mat(w2)

= � G y
2H 1 + G y

1H 1 + W 2 (3.37)

where G1 and G1 are 2 � 2 matrices, and W 1 and W 2 are 2 � nr matrices.

In order to reco v er the transmit div ersit y , the com bining sc heme in [25 ] has to b e p er-

formed on (3.36) and (3.37). Ho w ev er, as matrix m ultiplication is not comm utativ e, t w o

com bining sc hemes can b e implemen ted.

First com bining sc heme - F CS

W e can write the com bined v ersions of G1 and G2 as follo ws:

� 1 = H y
1Y 1 + Y y

2H 2

= H y
1G1H 1 + H y

2G1H 2 + H y
1W 1 + W y

2H 2 (3.38)

� 2 = H y
2Y 1 � Y y

2H 1

= H y
1G2H 1 + H y

2G2H 2 + H y
2W 1 � W y

2H 1 (3.39)

Although this com bining sc heme in tro duces colored noise, it is capable of totally re-

mo ving the in ter-blo c k in terference. Ho w ev er, it giv es an estimate of the signal as H y
i G j H i

that is not of the form of the matc hed �lter (i.e. H y
i H i ), th us it do es not reco v er all the



38

3. Coded modula tions f or the mul tiple-

antenna channel

transmit div ersit y . Indeed, for nr = 2 for instance, the equiv alen t c hannel matrix after

com bining is giv en b y:

vec(H y
1G1H 1 + H y

2G1H 2) ,

z1S

2

6
6
6
4

jh11j2 + jh31j2 h�
12h11 + h�

32h31 h�
11h12 + h�

31h32 jh12j2 + jh32j2

h�
21h11 + h�

41h31 h�
22h11 + h�

42h31 h�
21h12 + h�

41h32 h�
22h12 + h�

42h32

h�
11h21 + h�

31h41 h�
12h21 + h�

32h41 h�
11h22 + h�

31h42 h�
12h22 + h�

32h42

jh21j2 + jh41j2 h�
22h21 + h�

42h41 h�
21h22 + h�

41h42 jh22j2 + jh42j2

3

7
7
7
5

(3.40)

W e observ e from (3.40) that only 2 of the 4 sym b ols of z1S are m ultiplied b y Nak agami

distributed random v ariables of order 4, th us the o v erall system div ersit y is limited to 4.

The same reasoning applies to � 2 .

Second com bining sc heme - SCS

By p erm uting the matrix pro duct of the �rst com bining sc heme, w e get other v ersions of

� 1 and � 2 denoted b y G c1 and G c2 in the sequel:

G c1 = Y 1H
y
1 + H 2Y

y
2

= G1H 1H y
1 + H y

2H 2G1 + G2H 2H
y
1 � H 2H

y
1G2 + W 1H

y
1 + H 2W

y
2 (3.41)

G c2 = Y 1H
y
2 � H 1Y

y
2

= H 1H
y
1G2 + G2H 2H

y
2 + G1H 1H

y
2 � H 1H

y
2G1 + W 1H

y
2 � H 1W

y
2 (3.42)

The �rst t w o terms of (3.41) and (3.42) are the desired signal estimates. The second

t w o terms are the in terference in tro duced b y the com bining sc heme, and the last t w o terms

are the colored noise comp onen ts. In this sc heme w e are able to reco v er the transmit

div ersit y via the �rst t w o terms of (3.41) and (3.42), as sho wn in the follo wing equation

for nr = 2 :

vec(G1H 1H
y
1 + H 2H

y
2G1) , z1SH S1 (3.43)

where

H S1 =

2

6
6
6
4

A1 + A3 h�
31h41 + h�

32h42 h11h�
21 + h12h�

22 0
h31h�

41 + h32h�
42 A1 + A4 0 h11h�

21 + h12h�
22

h�
11h21 + h�

12h22 0 A2 + A3 h�
31h41 + h�

32h42

0 h�
11h21 + h�

12h22 h31h�
41 + h32h�

42 A2 + A4

3

7
7
7
5

(3.44)

and

A1 = jh11j2 + jh12j2; A2 = jh21j2 + jh22j2; A3 = jh31j2 + jh32j2; A4 = jh41j2 + jh42j2
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By symmetry , w e get:

H S2 = H y
S1

=

2

6
6
6
4

A1 + A3 h31h�
41 + h32h�

42 h�
11h21 + h�

12h22 0
h�

31h41 + h�
32h42 A1 + A4 0 h�

11h21 + h�
12h22

h11h�
21 + h12h�

22 0 A2 + A3 h31h�
41 + h32h�

42

0 h11h�
21 + h12h�

22 h�
31h41 + h�

32h42 A2 + A4

3

7
7
7
5

(3.45)

As sho wn in (3.43), ev ery sym b ol in z1S and z2S undergo es Nak agami distributed random

v ariables of order 4, whic h leads to an o v erall system div ersit y of 8.

Ho w ev er, this com bining sc heme in tro duces considerable in terference along with col-

ored noise. In an unco ded system, this com bining sc heme do es not con v erge as the

receiv ed signal constellation is not clearly delimited within distinct V oronoï regions, ev en

for signi�can tly high signal-to-noise ratios. This scenario is similar to that of m ulti-user

detection (MUD) in hea vily loaded CDMA systems, where users in tro duce in terference to

eac h others. Hence, w e can use detection tec hniques kno wn for co ded MUD-CDMA as in

[28][59 ] and their references to get reliable estimates of the signals. Therefore, w e c ho ose

to map one in terlea v ed co dew ord through z1 , and another in terlea v ed co dew ord using z2 ,

as if w e had t w o �virtual� users. This results in sending a frame that has the length of

t w o co dew ords. The transmitter for the prop osed system is sho wn in Fig. 3.7.

Convolutional Code

Convolutional Code Interleaver

Interleaver

QAM Mapper

QAM Mapper

Precoder

Precoder

Space-Time

Matrix

Alamouti

MIMO

Channel

H

Space-Time

Noise

Information

Bits
Encoder

C1

C2

� 1

� 2

z1

z2

z1S

z2S

Figure 3.7: T ransmitter mo del for matrix-Alamouti enco ded ST-BICM.

In our case, as con v olutional co des are emplo y ed, one can send a unique co dew ord

instead of t w o. Ho w ev er, w e ha v e to mak e sure that the co ded bits that are mapp ed on to

z1 are far from the co ded bits that are mapp ed on to z2 in the trellis of the co de, and the

t w o parts of the co de should b e in terlea v ed separately . In this w a y w e a v oid in tro ducing

in ter-blo c k in terference at the transmitter.

3.7.3 Iterativ e join t detection and deco ding

Let us write (3.41) and (3.42) as:

gc1 = vec(G c1) = z1SH S1 + z2SH I 1 + vec(W 1H
y
1 + H 2W

y
2) (3.46)

gc2 = vec(G c2) = z2SH S2 + z1SH I 2 + vec(W 1H
y
2 � H 1W

y
2) (3.47)
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where H S1 and H S2 are tak en from (3.44) and (3.45). In addition, w e ha v e:

H I 1 =

2

6
6
6
4

0 � h41h�
11 � h42h�

22 h31h�
21 + h32h�

22 0
� h31h�

21 � h32h�
22 B 0 h31h�

21 + h32h�
22

h41h�
11 + h42h�

22 0 � B � h41h�
11 � h42h�

22

0 h41h�
11 + h42h�

22 � h31h�
21 � h32h�

22 0

3

7
7
7
5

where

B = h31h�
11 + h32h�

12 � h41h�
21 � h42h�

22

and H I 2 = H y
I 1

b y symmetry .

No w let N denote the n um b er of M-QAM sym b ols in one con v olutional co dew ord (i.e.

there are 2N M-QAM sym b ols in a frame for b oth con v olutional co des). In order to get

reliable estimates of the com bined signals, one has to e�cien tly remo v e in terference from

(3.46) and (3.47). This giv es us:

fgc1 = gc1 � ez2SH I 1

= z1SH S1 + ( z2 � ez2)SH I 1 + vec(W 1H
y
1 + H 2W

y
2) (3.48)

fgc2 = gc2 � ez1SH I 2

= z2SH S2 + ( z1 � ez1)SH I 2 + vec(W 2H
y
2 � H 1W

y
1) (3.49)

The �rst term in (3.48) and (3.49) is the desired signal part, and the other t w o are

the residual in terference and colored noise terms. In this case, the lik eliho o ds of
fgc1 and

fgc2 follo w the m ultiv ariate Gaussian distribution as:

p( fgc1 j z1; SH S1 ) � N (z1SH S1 ; � 1) ; p( fgc2 j z2; SH S2 ) � N (z2SH S2 ; � 2)

where

� 1 = E
h
( fgc1 � z1SH S1 )y ( fgc1 � z1SH S1 )

i
(3.50)

� 2 = E
h
( fgc2 � z2SH S2 )

y ( fgc2 � z2SH S2 )
i

(3.51)

Let us de�ne:

V1 (z1) = fgc1 � z1SH S1 (3.52)

V2 (z2) = fgc2 � z2SH S2 (3.53)

After the in terference and colored noise co v ariance matrices � i are computed, the soft-

input soft-output (SISO) detector computes the extrinsic probabilities � i (cj ) that the j th

bit of co dew ord i is equal to 1, as giv en b y the sligh t mo di�cation of (2.23) as:
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� 1 (c̀ ) =

P
z0

12 
 c (c` =1) exp
h
� V1

�
z

0

1

�
� � 1

1 V1

�
z

0

1

� y
i Q

r 6= ` � 1 (cr )
P

z12 
 c
exp

h
� V1 (z1)� � 1

1 V1 (z1)
y
i Q

r 6= ` � 1 (cr )
(3.54)

and

� 2 (c̀ ) =

P
z0

22 
 c (c` =1) exp
h
� V2

�
z

0

2

�
� � 1

2 V2
�
z

0

2

� y
i Q

r 6= ` � 2 (cr )
P

z22 
 c
exp

h
� V2 (z2)� � 1

2 V2 (z2)
y
i Q

r 6= ` � 2 (cr )
(3.55)

Where � 1 (cr ) and � 2 (cr ) are a priori probabilities generated b y soft-input soft-output

(SISO) deco ders for the 1st
and the 2nd

con v olutional co des resp ectiv ely . As sho wn in

Fig. 3.8 b elo w, the extrinsic probabilities are then fed bac k from the SISO detectors

to their resp ectiv e SISO deco ders that use the forw ard-bac kw ard (BCJR) algorithm to

giv e a p osteriori probabilities of the co ded bits. In addition, the deco ders giv e bac k a

priori � 1 (cr ) and � 2 (cr ) probabilities to their resp ectiv e SISO detectors as in the classical

receiv er, and also to the detectors of di�eren t indices in order to compute the co v ariance

matrices � i and b etter remo v e the in terference at eac h iteration. Unlik e the con v en tional

receiv er where the extrinsic probabilities generated b y the detector are computed once at

the �rst iteration using (2.23), the extrinsic probabilities (3.54) and (3.55) in this case are

computed at eac h iteration as the � i matrices c hange. Ho w ev er, in most cases, this linear

increase in complexit y is negligible compared to the exp onen tial increase in complexit y

in tro duced b y a signal set of higher cardinalit y . Let us tak e the follo wing example: supp ose

w e ha v e a con v en tional ST-BICM with Rc = 3=4 and nt = 4 transmit an tennas. In order

to reco v er maximal div ersit y , w e need to use a space-time preco der with s = 4 . This

giv es a cardinalit y of the space-time signal v ector as j
 j = 2mN t = 2 16m
, o v er whic h the

exhaustiv e searc h to compute the extrinsic information in (2.23) is p erformed. Ho w ev er,

with the matrix-Alamouti sc heme, s = 2 is su�cien t to reco v er the div ersit y . This giv es

j
 cj = 2 8m
, using a higher order M -QAM constellation to comp ensate Rp = 1=2. So

ev en if w e need t iterations for the receiv er to con v erge, w e still ha v e a drastic complexit y

reduction, as 2 � t � 28m � 216m
.

In computer sim ulations presen ted in the next section, v ectors z1 and z2 in (3:50) �
(3:53) w ere replaced b y their soft estimates. Th us, w e ha v e:

� 1 w
1
N

N
4X

i =1

h
(ggc1i � z1i SH S1 )

y (ggc1i � z1i SH S1 )
i

(3.56)

� 2 w
1
N

N
4X

i =1

h
(ggc2i � z2i SH S2 )

y (ggc2i � z2i SH S2 )
i

(3.57)
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Figure 3.8: Iterativ e receiv er mo del for matrix-Alamouti enco ded ST-BICM
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Figure 3.9: P erformance for a frame size of 4096 co ded bits ( 2 � 2048 for matrix-

Alamouti ), Rc = 1=2, nt = 4 and nr = 2 an tennas.

3.7.4 Sim ulation results

In this section, frame error probabilities are illustrated v ersus signal-to-noise ratios and

frame size for nt = 4 and nr = 2 . Comparisons are done with resp ect to discrete input

and Gaussian input outage probabilities. The con v olutional co de is the half-rate 16-

state (23; 35)8 non-recursiv e non-systematic co de (NRNSC) and the in terlea v ers are the

optimized in terlea v ers from [18]. Fig. 3.9 sho ws the frame error rate p erformance for

di�eren t a frame sizes of 4096 co ded bits. The matrix-Alamouti sc heme is compared to
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Figure 3.10: P erformance for Rc = 2=3, BPSK mo dulation, nt = 4 and nr = 2 an tennas.

10-3

10-2

10-1

 2000  4000  6000  8000  10000  12000  14000  16000

F
E

R

frame size in coded bits

DNA-Cyclotomic
Matrix-Alamouti with cyclotomic precoder

Figure 3.11: F rame error rate v ersus frame size, Rc = 1=2, Eb=N0 = 9 dB, nt = 4 and

nr = 2 an tennas.

the DNA-cyclotomic rotations and the D-STTD sc heme �rst prop osed in [60 ] and included
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in the IEEE802.11n standard, all at a co ding rate Rc = 1=2. As DNA-cyclotomic rotations

are full-rate (i.e. Rp = 1 ), it w as sim ulated with BPSK mo dulation in order to preserv e

the same sp ectral e�ciency with the other t w o sc hemes that are sim ulated with QPSK

mo dulations. In fact, with half-rate co ding, the matrix S of matrix-Alamouti sc heme do es

not need to spread the sym b ol v ectors, as div ersit y can b e ensured with s = 1 . In this

case, our sc heme p erforms equally with the t w o others. Ho w ev er, b y setting S = SCyclo

from (3.3), w e observ e a gain with resp ect to the other sc hemes. This for sure is at the cost

of a sligh t additional complexit y , as s = 2 in this case. Fig. 3.10 sho ws the p erformance

Alamouti sc heme with Rc = 2=3, that is the half-rate 16-state (23; 35)8 NRNSC co de with

puncturing, with BPSK mo dulation. When S = SCyclo , the co ded mo dulation ac hiev es

full div ersit y with s = 2 as explained in section 3.7.2. With this co ding rate, the D-

STTD sc heme do es not ensure maxim um div ersit y , and the standard ST-BICM requires

a spreading factor of s = 4 as de�ned in 3.24 to ac hiev e maxim um div ersit y . Finally , Fig.

3.11 compares the p erformance of the matrix-Alamouti sc heme with the DNA-cyclotomic

sc heme for di�eren t frame sizes at a signal-to-noise ratio of 9dB. W e can see that our

sc heme is more robust to an increase in the frame size than the con v en tional sc heme.

3.8 Outage-approac hing turb o co des for the m ultiple-

an tenna c hannels

3.8.1 In tro duction

As sho wn in section 3.3, the frame error rate of unco ded space-time signaling is upp er-

b ounded b y a quan tit y that v aries as logd(n) , where d is the div ersit y order. In order to

approac h the outage probabilit y limit, the frame error rate of an y giv en co ding sc heme

should b e indep enden t of the blo c k length [10 , 16 ]. Therefore, suc h space-time co ding tec h-

niques will fail in approac hing the outage capacit y limit of the quasi-static MIMO c hannel.

Algebraic space-time co des describ ed in section 3.2 and an y con v olutionally/algebraically

co ded STBC also fail in approac hing the outage limit. Hence, our ob jectiv es are

� Design a space-time co de based on state m ultiplexing [53] and turb o enco ding

[61 ][62] in order to ac hiev e near outage limit p erformance.

� Con trol the detection/deco ding complexit y and prop ose relativ ely lo w complexit y

sc hemes.

� Mak e the w ord error probabilit y insensitiv e to the blo c k length. This is the in ter-

lea ving gain of turb o co des translated to the �eld of non-ergo dic fading c hannels as

disco v ered in [16 ][10].
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3.8.2 Co de m ultiplexing o v er c hannel states

The ph ysical c hannel w e consider is a quasi-static frequency non-selectiv e MIMO c hannel

with nt transmit an tennas and nr receiv e an tennas. On a Gaussian c hannel, the pairwise

error probabilit y supp osing the zero co dew ord is emitted b y a linear enco der is giv en b y:

P(0 ! c) = Q

 r
2RcEb

N0
! H (c)

!

(3.58)

where ! H (c) is the Hamming w eigh t of the co dew ord and Eb=N0 is the signal-to-noise

ratio. No w, on a Ra yleigh fading c hannel with Dst states, the conditional pairwise error

probabilit y b ecomes:

P(0 ! c) = Q

0

@

vu
u
t 2RcEb

N0

D stX

i =0

! i (c)jhi j2

1

A
(3.59)

where ! i (c) represen ts the partial w eigh t of the co dew ord c undergoing fading hi , and

P
i ! i (c) = ! H (c) . After p erforming a mathematical exp ectation o v er the c hannel states,

w e can upp er-b ound the pairwise error probabilit y as:

P(0 ! c) �
1
2

D stY

i =1

1

1 + ! i (c) RE b
N0

(3.60)

Hence the div ersit y order d(c) that can b e ac hiev ed b y the co de is giv en b y the n um b er

of non-zero partial w eigh ts ! i (c) . In addition, for high signal-to-noise ratios, the pairwise

error probabilit y b eha v es lik e:

P(0 ! c) /
1

Q D st
i =1 ! i (c)

�
1

(Eb=N0)d(c)
(3.61)

So our ob jectiv es are to �rst guaran tee that 8i; ! i (c) 6= 0 , to attain maxim um div ersit y ,

second to maximize the pro duct

Q D st
i =1 ! i (c) and hence the co ding gain. F or this purp ose,

the authors in [53] prop osed the �co de m ultiplexer� de�ned as follo ws:

De�nition 2 The multiplexer is an intel ligent switch that distributes turb o c o de d bits si

over the Dst p ar al lel sub-channels of the BO-channel.

A ctually , the m ultiplexer should b e called �de-m ultiplexer� or equiv alen tly �c hannel in ter-

lea v er�. W e ha v e c hosen the w ord �m ultiplexer� in order to a v oid an y confusion with the

in terlea v er denoted b y � used inside a turb o co de. Fig. 3.12 sho ws t w o imp ortan t m ulti-

plexing examples from [53 ] suite for a non-ergo dic fading c hannel with Dst = 2 states. The

t w o digits 1 and 2 represen t the t w o states of the BO-c hannel. The sym b ol X represen ts

a punctured parit y bit. Note that in this c hapter w e will only consider half-rate co des

m ultiplexed o v er t w o-state non-ergo dic c hannels, but generalization to an y rate co des on

non-ergo dic c hannels is straigh t-forw ard as long as Rc � 1=Dst .
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Horizon tal Multiplexer

s1 1 1 1 1 1 1

s2 2 X 2 X 2 X

s3 X 2 X 2 X 2

H- � -diagonal Multiplexer

s1 1 2 1 2 1 2

s2 2 X 2 X 2 X

� � 1(s3) X 1 X 1 X 1

Figure 3.12: Horizon tal (top) and h- � -diagonal (b ottom) m ultiplexers for a rate 1/2

parallel turb o co de.

Prop osition 1 L et C b e a r ate 1=2 p ar al lel turb o c o de tr ansmitte d on a 2-state channel

and built fr om RSC(g1(x); g2(x)) . Under horizontal state multiplexing and for any input

weight ! , the numb er � of c o dewor ds in C with inc omplete state diversity is

� (!; d st < 2) = 0 8 ! � 2

Pro of 1 F or any non-zer o turb o c o dewor d, it is wel l-known that the Hamming weight of

s1 is ! � ! min = 2 [62]. A lso, the Hamming weight of b oth s2 and s3 must b e p ositive

despite puncturing. Henc e, it is trivial that dst = 2 sinc e s1 is always tr ansmitte d on the

�rst channel state and (s2; s3) ar e tr ansmitte d on the se c ond channel state.
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RSC1 Trellis

RSC2 Trellis

T2T1

s3 = 1 s3 = 1

Figure 3.13: T rellis error ev en ts for input w eigh t ! = 2 . The t w o in terlea ving con�gura-

tions are indicated. Div ersit y is guaran teed b y full-span transitions.

The recursiv e systematic con v olutional constituen t has constrain t length � + 1 . Its

feedbac k generator p olynomial is g1(x) and its forw ard generator p olynomial is g2(x) .
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De�nition 3 A r e cursive systematic c onvolutional c o de is said to b e a full-span c onvolu-

tional c o de if the gener ators satisfy deg(gi (x)) = � and gi (0) = 1 , for i = 1; 2.

T rellis transitions outgoing from the 0-state and those incoming to the 0-state will b e

called ful l-sp an tr ansitions , i.e. b oth bits are set to 1 on the transition lab el.

Prop osition 2 L et C b e a r ate 1=2 p ar al lel turb o c o de tr ansmitte d on a 2-state channel

and built fr om a ful l-sp an RSC(g1(x); g2(x)) . Under h- � -diagonal state multiplexing and

for any input weight ! , the numb er � of c o dewor ds in C with inc omplete state diversity is

� (!; d st < 2) = 0 8 ! � 2

Pro of 2 F or ! = 2 and ! = 3 : if a ful l-sp an tr ansition is interle ave d (via � ) into a ful l-

sp an tr ansition, then state diversity is guar ante e d. As shown in Fig. (3.13) and (3.15),

one of the ful l-sp an tr ansitions in RSC1 is c onverte d into a ful l-sp an tr ansition in RSC2.

F or ! � 4: Consider the c ase wher e ! = 4 . Exc ept for the unique interle aving c on-

�gur ation depicte d in Fig. (3.16), al l turb o c o dewor ds exhibit dst = 2 due to ful l-sp an

tr ansitions. Now, let � i (sj ) 2 f 1; 2g denote the BO-channel state over which the binary

element sj b elonging to RSC i is tr ansmitte d. W e distinguish two c ases when a critic al

c on�gur ation is tr ansmitte d on the channel.

Case 1: err or event in RSC1 starts at state 1, � 1(s1) = 1 . Diversity is guar ante e d by

RSC1 b e c ause � 1(s2) = 2 .

Case 2: err or event in RSC1 starts at state 2, � 1(s1) = 2 . Then, we distinguish two

sub-c ases:

Case 2.1: Information bit s1 is set to 1 within the err or event and hits state 1 yielding

� 1(s1) = 1 . Henc e, diversity is guar ante e d by RSC1 without the help of RSC2.

Case 2.2: Information bit s1 = 1 never hits state 1 in the tr el lis event of RSC1, � 1(s1) 6= 1 .

This situation o c curs b e c ause e quality is not satis�e d in (2.25) when Rc = 1=2 and Dst = 3 ,

i.e. it is p ossible to cr e ate RSC1 c o dewor ds that never hit state 1. Thanks to the structur e

of the h- pi -diagonal multiplexer, at le ast one ful l-sp an tr ansition in RSC2 has � 2(s3) = 1
for � 1(s1) = 2 .

The same pr o of applies for ! > 4.

Example with RSC (7; 5)8

A critical con�guration is a con�guration (or an ev en t) in whic h the div ersit y is not

guaran teed b y the �rst RSC alone, th us the receiv er relies on the parit y bit of RSC 2

to reco v er the div ersit y . Let us no w giv e an example of critical con�gurations for ! = 4
as de�ned in the pro of of prop. 2. When � 1(s1) = 1 and � 1(s2) = 2 , the RSC trellis is

represen ted b y the transition matrix
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RSC1 Trellis

RSC2 Trellis

Diversity not guaranteed

RSC1 Trellis

RSC2 Trellis

Diversity guaranteed

s1 = 1
s2 = 1

s2 = 1
s1 = 1

s3 = 1

s3 = ?T1 T2 T3 T4

T2T3 T4T1

Without � � 1(s3)

With � � 1(s3)

Figure 3.14: E�ect of h- � -diagonal m ultiplexing on trellis ev en ts. Illustration for input

w eigh t ! = 6 with and without de-in terlea ving of the second parit y bit.

A1 =

2

6
6
6
4

0 0 D1D2LW 0
D1D2LW 0 L 0

0 D1LW 0 D2L
0 D2L 0 D1LW

3

7
7
7
5

When � 1(s1) = 2 and � 1(s2) = X , the transition matrix is

A2 =

2

6
6
6
4

0 0 D2D3LW 0
D2D3LW 0 L 0

0 D2LW 0 D3L
0 D3L 0 D2LW

3

7
7
7
5

The complete w eigh t en umerator T(W; D; L ) of simple error ev en ts is giv en b y the top

left en try of the pro duct A1A2A1A2 : : : or A2A1A2A1 : : : dep ending on the p osition of the

outgoing transition. A critical con�guration is giv en b y a pro duct of t yp e A2(A1A2)`
for

an ev en t of length 2` + 1 . F or ` = 1 : : : 3 no critical con�gurations are found. F or ` = 4 ,

w e ha v e

T(W; D; L ) = : : : + (2 D1D 5
2D 4

3 + D 8
2D 2

3)L9W 4 + : : :

Therefore, the shortest critical ev en t for ! = 4 has length L = 9 . It includes 4 information

bits with � 1(s1 = 1) = 2 , 4 parit y bits with � 1(s2 = 1) = 2 , and 2 punctured bits with

� 1(s2 = 1) = X . In this case, without a de-in terlea v er at the output of RSC 2, one cannot

trac k the p osition of the parit y bit s3 at the output, as sho wn in Fig. 3.14. Therefore, w e
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Figure 3.15: T rellis error ev en ts for input w eigh t ! = 3 . The six in terlea ving con�gurations

are equiv alen t to t w o distinct con�gurations.
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Figure 3.16: A critical con�guration for full-span outgoing and incoming transitions.

Input w eigh t ! = 4 .

cannot mak e sure that full div ersit y is attained. Ho w ev er, a de-in terlea v er at the output

of RSC 2 mak es the co ded bits of the turb o co de sync hronized within the trellis of the

RSC constituen ts.

A t this p oin t, based on the study of � , the reader sees no di�erence b et w een h- � -diagonal

and horizon tal m ultiplexers. Indeed, prop ositions (1) and (2) state that b oth m ultiplexers

ac hiev e full state div ersit y . The error rate p erformance dep ends on the ac hiev ed div ersit y

and on the so-called c o ding gain or pr o duct distanc e de�ned b y the pro duct ! 1! 2 of partial

Hamming w eigh ts. No w, it should b e clear that horizon tal m ultiplexing sho ws a great

un balance b et w een ! 1 and ! 2 . As an example, for input w eigh t ! = 2 , consider RSC(7,5)

error ev en ts of length L = 4+3 i and total Hamming w eigh t wH = 6+2 i , i = 0 : : : (N � 4)=3.

F or horizon tal m ultiplexing, ! 1 = 2 and ! 2 = 4 + 2 i . Therefore, its co ding gain b eha v es

as O(N ) . F or h- � -diagonal m ultiplexing, ! 1 = ! 2 = 3 + i . Hence, the co ding gain

of h- � -diagonal m ultiplexing increases as O(N 2) . The loss is ev en more dramatic for

! = 3 . The latter is neglected on the Gaussian c hannel since its con tribution to the
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error rate p erformance is O(1=N) . On non-ergo dic fading c hannels, when ! = 3 , turb o

co dew ords satisfying wH (s2) >> 1 and wH (s3) >> 1 will su�er from the un balance of

horizon tal m ultiplexing. A comparison b et w een h- � -diagonal and horizon tal m ultiplexers

is illustrated in Fig. 3.18 with 2 transmit an tennas and a QPSK mo dulation.

3.8.3 W ord error rate p erformance with nt = 2

10-4

10-3

10-2

10-1

100

 0  2  4  6  8  10  12  14  16  18  20  22  24  26  28  30  32  34

W
E

R

Eb/N0(dB) at the receiver

BPSK, H-p-diagonal multiplexing
BPSK, random multiplexing
Outage Discrete Input BPSK
Outage Gaussian Input

Figure 3.17: BPSK mo dulation, quasi-static c hannel, nt = 2 , nr = 1 , turb o co de with

Rc = 1=2, (17; 15)8 , N = 400.

In this section, computer sim ulations are made for nt = 2 and without linear preco d-

ing ( s = 1 ) on the quasi-static MIMO c hannel. The rate 1/2 turb o co de is built from

RSC (17; 15)8 and a pseudo-random in terlea v er � of size N . All curv es include w ord error

rate v ersus signal-to-noise ratio p er bit. Fig. 3.17 sho ws the p erformance of a BPSK

mo dulation with 2 transmit and 1 receiv e an tenna, and N = 400. Fig. 3.18 sho ws a sim-

ilar situation with a QPSK mo dulation. The p erformance with 2 transmit and 2 receiv e

an tennas is giv en in Fig. 3.19. Notice that the w ord error rate is roughly the same for

N = 400 and N = 6400. Finally , the p erformance of 8-PSK is illustrated in Fig. 3.20 and

compared to b oth outage limits (discrete and Gaussian inputs).

3.8.4 Linear preco ding via DNA rotations with nt = 4

In the case of nt = 4 transmit an tennas, w e ha v e Dst = 4 . Maxim um state div ersit y in

(2.25) cannot b e attained with Rc = 1=2 if Dst = 4 . Therefore, w e add a linear preco der
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Figure 3.18: QPSK mo dulation, quasi-static c hannel, nt = 2 , nr = 1 , turb o co de with

Rc = 1=2, (17; 15)8 , N = 400.
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Figure 3.19: QPSK mo dulation, quasi-static c hannel, nt = 2 , nr = 2 , turb o co de with

Rc = 1=2, (17; 15)8 , N = 400=6400.

in order to do wngrade Dst from 4 to 2. This do es not a�ect the ph ysical c hannel div ersit y

Dch . If the rotation has s = 4 , i.e. a full spreading unitary preco der as usually studied
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Figure 3.20: 8-PSK mo dulation, quasi-static c hannel, nt = 2 , nr = 2 , turb o co de with

Rc = 1=2, (17; 15)8 , N = 1600.
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Figure 3.21: BPSK mo dulation, quasi-static c hannel, nt = 4 , nr = 2 , turb o co de with

Rc = 1=2, (17; 15)8 , N = 1600. Linear preco ding via a cyclotomic DNA rotation

in the literature, then Dst will reduce to 1. Also, MIMO detection complexit y increases

exp onen tially with s. The solution to main tain Dst = 2 is giv en b y Disp ersiv e Nucleo
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Algebraic (DNA) preco ders discussed in section 3.6 for s � nt . No w, let us observ e the

MIMO c hannel with SDNA as in (3.30). The QAM v ector z = ( z1; z2; : : : ; z8) go es through

the preco der b efore H . Consider the lattice p oin t zSH without adding Gaussian noise.

One w ould notice that zi is transmitted via the 1st and 2nd transmit an tennas if i is o dd,

and via the 3rd and 4th transmit an tennas if i is ev en. Consequen tly , the DNA preco der

con v erts the 4 � nr MIMO c hannel on to t w o 2 � nr MIMO c hannels. Binary elemen ts

mapp ed to zi when i is o dd (resp. i is ev en) will b e sen t through the �rst BO-sub-c hannel

(resp. the second BO-sub-c hannel). As a �nal illustration, Fig. 3.21 sho ws the error rate

of BPSK mo dulation with 4 transmit and 2 receiv e an tennas.

3.9 Conclusions

In this c hapter, w e prop osed space-time bit-in terlea v ed co ded mo dulations for the m ultiple-

an tenna c hannel that p erform close to outage limit. In [18], it w as sho wn that cyclotomic

rotations satisfying genie/DNA conditions are the b est c hoice for preco ding in space-time

bit-in terlea v ed co ded mo dulations, due to their enhanced p erformance and their �exibilit y .

These rotations are optimal in b oth algebraic and information theoretical senses. They

exist for an y set of MIMO c hannel parameters, mainly the n um b er of transmit an tennas

and the preco der time-spreading factor. Ho w ev er, the families of IOM linear preco ders

w e presen ted in this c hapter correct the failure of cyclotomic rotations to lead the system

to reasonable p erformance since the �rst iteration in an iterativ e receiv er when the sys-

tem has dela y constrain ts. They also exist whatev er the MIMO system con�guration is,

with the di�erence in that their design requires Mon te Carlo sim ulations. They can b e

designed b y relaxing the genie constrain ts or b y main taining one constrain t dep ending on

the deco ding tec hnique w e w an t to emplo y .

In addition, w e prop osed a lo w-complexit y space-time co ding sc heme for nt = 4 based on

the Alamouti sc heme. This lo w-complexit y sc heme ensures state div ersit y Dst = 1 , whic h

means it can b e used with all co ding rates Rc 2 [0; 1] while main taining maximal c hannel

div ersit y dch = 4 � nr . In addition to exp onen tially reducing the detection complexit y ,

this sc heme sho w ed a sligh t degradation of the frame error rate o v er a quasi-static fading

c hannel, that is more robust than classical ST-BICM. As con�gurations with nt = 4 are

particularly of in terest in recen t wireless comm unication systems (suc h as IEEE.802a/b/g

standards), the lo w-complexit y solution together with the high p erformance pro vided b y

this sc heme are v aluable.

Finally , w e studied turb o-co ded mo dulations for the MIMO c hannel based on the w orks in

[53] on �co de m ultiplexers�. When the co ding rate of the turb o-co de satis�es Rc � 1=Dst ,

the use of m ultiplexers at the output of the enco der ensures lo w detection complexit y and

near-outage limit p erformance. Surprisingly enough, the frame error rate p erformance

of turb o-co ded mo dulations is insensitiv e to blo c k length. This is probably due to the

in terlea ving gain of the turb o-co de on A W GN c hannels translated to non-ergo dic fading



54

3. Coded modula tions f or the mul tiple-

antenna channel

c hannels, whereas the n um b er of neigh b ors of a turb o-co dew ord increases linearly with

the in terlea v er size [63]. Note that it w as recen tly sho wn in [64] that LDPC co des ha v e

almost the same b eha vior o v er blo c k-fading c hannels. Ho w ev er, the co ding gain with

regular turb o co des on blo c k-fading c hannels is sligh tly b etter than that of regular LDPC

co des.

T o summarize, w e can follo w these strategies for lo w-complexit y deco ding of co ded mo d-

ulations o v er the MIMO c hannel:

� If Rc � 1=Dst and an iterativ e receiv er can b e used, use turb o-co des with m ultiplex-

ers for nt = 2 an tennas and turb o-co des with m ultiplexers along with DNA rotation

for nt = 4 as prop osed in section 3.8.

� If nt = 4 and an iterativ e receiv er can b e emplo y ed, use the Matrix-Alamouti sc heme

presen ted in section 3.7 whatev er the c hannel co ding rate is.

� Else, if Rc > 1=Dst , use cyclotomic rotations [18] with an iterativ e receiv er.

� If no iterations are allo w ed at the receiv er, use IOM rotations presen ted in section

3.6 with all c hannel con�gurations.
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Chapter 4

Co ded mo dulations for the amplify-

and-forw ard co op erativ e c hannel

4.1 In tro duction

As discussed in the previous c hapter, m ultiple-an tenna systems can pro vide reliable com-

m unication (through large div ersit y orders) and high data rates in blo c k-fading en viron-

men ts. The adv an tages of suc h systems is widely recognized and they are prop osed in

man y standards. Ho w ev er, due to size (and sometimes cost) limitations, the implemen-

tation of man y an tennas on a single terminal is unfeasible. This is the case of the uplink

transmission in a cellular link for instance.

Since the early 1970s, the idea of the rela y c hannel in information theory w as prop osed

[65]. In [66], the authors pro v ed the gain in capacit y the rela y c hannel has and sk etc hed

the rate regions for this c hannel under di�eren t h yp othesis. Inspired b y these w orks, the

authors in [67 , 68 ] prop osed the concept of �user co op eration div ersit y�, whereas user's

terminals help eac h other to con v ey their signals to a destination. This allo ws for the sig-

nals to attain high spatial div ersit y orders b y using the an tennas of other terminals and

th us b y forming a virtual an tenna arra y . Note that this is not a simple rela ying problem,

as users are resp onsible for the �partner's� signals as w ell as their o wn signals.

One main application is the co op eration of in-cell users in a cellular system. Reliable

comm unication can b e ac hiev ed through div ersit y and b y rela ying signals from terminals

that are far from the base station. The dra wbac k is the fact that the in ter-user c hannel

is noisy , th us imp osing v arious co op eration proto cols w e will discuss later in this rep ort.

Another p oten tial application is in wireless ad ho c net w orks, suc h as mesh net w orks for

instance. A wireless ad ho c net w ork do es not dep end on a cen tral con trol unit, and it do es

not ha v e a �xed infrastructure. The no des comm unicate b y forming a net w ork based on

c hannel conditions and mobile lo cations.

The main problems in non-co op erativ e net w orks is their rigid infrastructure, whose blo c k-

ing probabilit y increases with the n um b er of terminals that are sharing the net w ork. Man y
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service pro viders ha v e exp erience dealing with temp orary elev ations in net w ork tra�c.

COSMOTE, the Greek telecomm unications compan y resp onsible for pro viding service to

the 2004 Olympic games, had to deplo y additional resources in the area surrounding the

Olympic complex. This extra equipmen t allo w ed this system to successfully deliv er o v er

100 million text messages during the 17 da y duration of the games. Similarly , sp orting

ev en ts and large public gatherings in the United States regularly tak e adv an tage of the

so-called Cell-on-Wheels (CO W) services in order to accoun t for lo cation-dep enden t traf-

�c spik es. With co op erativ e comm unications, net w orks will not exp erience suc h problems

an ymore, as the more users there are in a net w ork, the more reliably one can comm unicate.

In addition, the hardw are implemen tation of m ultiple an tennas on the same terminal that

is di�cult to realize is traded for proto col algorithms shared among terminals through

the net w ork, whic h is easily up datable and gains in �exibilit y .

In this c hapter, w e will start b y recalling the comm unication proto cols for the co op erativ e

fading c hannel. W e will then establish the system mo del for co ded mo dulations o v er the

amplify-and-forw ard proto col. Then w e will discuss b ounds on div ersit y for this t yp e of

proto col, that are follo w ed b y co ding strategies and sim ulation results. The last part of

this c hapter discusses c hannel m ultiplexing issues for turb o-co ded mo dulations o v er suc h

proto cols.

4.2 Co op erativ e comm unications proto cols

After the authors in [67 , 68 ] in tro duced the concept of co op erativ e div ersit y , man y pap ers

prop osed co op eration proto cols that de�ne the w a y the co op eration b et w een users is p er-

formed. These proto cols can b e classi�ed in to t w o ma jor categories, that are amplify-and-

forw ard (AF) and deco de-and-forw ard (DF). Note that the large ma jorit y of the existing

designs w e will recall in the sequel are based on the so-called �Div ersit y-Multiplexing

T radeo� � (DMT) of the c hannel [69]. The DMT is a piece-wise linear function that rep-

resen ts, at v ery high signal-to-noise ratios, the tradeo� b et w een the maxim um ac hiev able

rate (as a function of the signal-to-noise ratio) and the maximal ac hiev able div ersit y order

o v er the wireless c hannel. Although the DMT b ound giv es an insigh t on the sup eriorit y

of a giv en proto col (or a giv en an tenna con�guration for MIMO systems) and allo ws for

the design of optimal space-time preco ders for unco ded systems, its relev ance as a design

to ol for co ded mo dulations with iterativ e deco ding is arguable.

4.2.1 Amplify-and-forw ard proto cols

In these proto cols, the rela ys scale the signals receiv ed from the source (or b y other rela ys)

and forw ard them to the destination (or to other rela ys) without other treatmen t. These

proto cols are easy to implemen t in practical comm unication systems, as the computational

complexit y they in tro duce at the rela y is limited to the scaling op eration. The orthogonal

amplify-and-forw ard (O AF) proto col w as �rst in tro duced in [70 ] for the single-rela y case.
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Figure 4.1: Co op erativ e fading c hannel.

By orthogonal w e mean that the source and the rela y do not send data sim ultaneously .

The second ma jor w ork concerning this family of proto cols is the framew ork established in

[71] for the single-rela y case. The authors prop osed three amplify-and-forw ard proto cols

that are:

� Proto col I: the source broadcasts a signal to b oth the rela y and the destination in

the �rst phase. In the second phase, the rela y scales the signal and forw ards it to

the destination, while the source transmits another message to the destination. This

proto col is also kno wn as the non-orthogonal amplify-and-forw ard (NAF) proto col

[72 ].

� Proto col I I: the source broadcasts a signal to b oth the rela y and the destination in

the �rst phase lik e in Proto col I. In the second phase, only the rela y scales the signal

it receiv ed in the previous phase and forw ards it to the destination. This proto col

is the O AF proto col in tro duced in [70 ].

� Proto col I I I: the source sends a signal only to the rela y in the �rst phase. The

second phase is similar to the second phase in Proto col I.

In addition to in tro ducing these proto cols, the authors discussed and analyzed some infor-

mation theoretical asp ects of co op erativ e proto cols that brough t insigh t to the b eha vior

of suc h systems. F rom these three proto col, Proto col I caugh t the atten tion of the re-

searc hers in the comm unit y as it allo ws for high data rates (the source alw a ys transmits).

Indeed, in [72], it is sho wn that the NAF proto col outp erforms the AF proto col for high

data rates. Ho w ev er, for the case of more than one rela y , the NAF proto col su�ers from a
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limitation , as half of the sym b ols in the co op eration frame are protected. F or this reason,

the authors in [73] prop osed the slotted amplify-and-forw ard (SAF) sc heme; b y allo wing

in ter-rela y comm unication (see Fig. 4.1), on can protect � out of � + 1 sym b ols. F or

this reason, the SAF sc heme largely outp erforms the � -rela y NAF sc heme for high data

rates. Man y space-time co de design for unco ded fading c hannels for the AF proto cols

w ere prop osed, among them [74 ] [75 ] [76 , 77], but optimal space-time co des for unco ded

systems can b e found in [73 ] [78].

4.2.2 Deco de-and-forw ard proto cols

This class groups the proto cols in whic h the rela ys op erate on the signal they receiv e from

the source (or from other rela ys) b efore forw arding it. The �rst proto col, the selection

deco de-and-forw ard, w as in tro duced in [70 ] for the single-rela y co op erativ e c hannel. In

this proto col, the rela y estimates the c hannel co e�cien t b et w een the source and the rela y ,

sa y hsr , and it computes jhsr j2 . If this v alue falls b elo w a threshold, the rela y remains idle.

If not, the rela y deco des the message and forw ards it to the destination. This sc heme w as

generalized to m ultiple rela ys in [79 ]. In [72 ], the authors in tro duced the dynamic deco de-

and-forw ard proto col wherein the time for whic h the rela ys listen to the source dep ends

on the source-rela y c hannel gain. In [80], the authors treated the compress-and-forw ard

proto col and pro v ed it to b e optimal for the single-rela y c hannel. Note that unlik e the

deco de-and-forw ard proto col where the rela ys ha v e to kno w the source-rela y c hannel, the

rela ys in the compress-and-forw ard proto col ha v e to kno w all the c hannel co e�cien ts of

the incoming paths. In [81], the authors prop osed an in tuitiv e distributed turb o co de that

ac hiev es high p erformance; it consists of broadcasting a con v olutional co dew ord to b oth

the rela y and the destination, the rela y deco des the co dew ord, in terlea v es it, and enco des

it prior to forw arding to the destination that p erforms iterativ e deco ding b et w een the t w o

co des. Similar constructions can b e found in [82 ] for distributed turb o co des and in [83 ]

for LDPC co des.

4.3 Space-time bit-in terlea v ed co ded mo dulations for

the amplify-and-forw ard co op erativ e c hannel

As discussed in section 4.2.1, man y distributed space-time co des for unco ded systems ha v e

b een prop osed in the literature. Ho w ev er, the optimal co des in [73] [78] that ac hiev e the

DMT fron tier of the c hannel in tro duce dela y in the co op eration frame of the NAF/SAF

proto col, whic h means that the source broadcasts for sev eral time slots b efore the co-

op eration at the rela y starts. Indeed, as these co des w ere initially designed for MIMO

systems, the spreading factor s = nt for suc h systems is translated in to a dela y d = s � 1
for the NAF/SAF proto cols. This dela y actually results in an exp onen tial gro wth of the

detection complexit y at the receiv er.
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Nev ertheless, in the presence of an error correcting co de, it w as sho wn in c hapter 3 that

one can trade div ersit y from the c hannel detector to the c hannel deco der o v er blo c k-fading

c hannels b y using space-time rotations. In addition, for the SAF c hannel, unlik e for the

MIMO c hannel, the maximal div ersit y order � + 1 of the c hannel can b e ac hiev ed using

a rotation that do es not lead additional complexit y . This is a k ey p oin t for our design

framew ork in the rest of this c hapter.

T o our kno wledge, no w ork has y et treated c hannel co ding issues for AF co op erativ e pro-

to cols in general. In this c hapter, w e consider the problem of co ding for the half-duplex

non-orthogonal slotted amplify-and-forw ard (NAF/SAF) co op erativ e c hannel. W e only

consider a net w ork with single-an tenna no des. W e deriv e b ounds on the div ersit y order of

this proto col that are ac hiev ed b y a distributed space-time bit-in terlea v ed co ded mo du-

lation (D-ST-BICM) sc heme under iterativ e APP detection and deco ding. These b ounds

lead to the design of space-time preco ders that ensure maxim um div ersit y and high co ding

gains.

4.4 System mo del and parameters

W e consider the amplify-and-forw ard fading rela y c hannel. W e imp ose the half-duplex

constrain t, whereas terminals cannot transmit and receiv e signals sim ultaneously . W e

consider the TDMA-based Proto col I from [71] that is also kno wn as the non-orthogonal

amplify-and-forw ard (NAF) proto col. F or the case of more than one rela y , w e use the

�naiv e� slotted amplify-and-forw ard (SAF) co op erativ e proto col prop osed in [84], where

in ter-rela y comm unication is allo w ed; the source transmits in all time slots, and starting

from the second slot, only one rela y scales and transmits the message receiv ed in the

previous time slot. By protecting � sym b ols out of � + 1 , this proto col can ac hiev e a

div ersit y order of � with a length- � + 1 v ector, whereas the classical � -rela y NAF sc heme

ac hiev es the same div ersit y order with a length- 2� v ector. The main reason w e use this

proto col is b ecause it induces lo w detection complexit y . The �naiv e� SAF proto col giv es

the follo wing signal mo del:

ydi =
p

Ei hsdx i +
p

1 � E i hr i d
 i � 1yr i � 1 + wdi (4.1)

yr i =
p

gsr i Ei hsr i x i +
q

gr i � 1 r i (1 � E i )hr i � 1r i 
 i � 1yr i � 1 + wr i (4.2)

with i = 1; :::; � + 1 . Subscripts s, d , and r i corresp ond to source, destination, and

i th relay . The unit v ariance complex sym b ol x i is transmitted in the i th
slot, the receiv ed

signal at the destination in the i th
time slot is ydi , while yr i is the signal receiv ed b y the

i th
rela y . The co e�cien ts Ei represen t the energy transmitted b y the source in the i th

slot. The geometric gain gj` is de�ned as Ejhj` j2=Ejhs` j2 [73]. The hkl are the complex

Gaussian fading co e�cien ts that are constan t for the duration of a co dew ord and wdi and

wr i are A W GN noise comp onen ts. The 
 i are the energy normalization co e�cien ts at the

i th
rela y , sub ject to Ej
 i yr i � 1 j

2 � 1, and 
 0 = 0 . In matrix form, w e can write for a system
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with � rela ys:

yd = xH + wc = zSH + wc (4.3)

where yd is the length- (� + 1) v ector of receiv ed signals and z is the length- (� + 1)
v ector of M-QAM sym b ols. S is a (� + 1) � (� + 1) preco ding matrix, and H is giv en b y:

H =

2

6
6
6
4

h11 h12 h13 � � �
0 h22 h23 � � �
0 0 h33 � � �

.

.

.

.

.

.

.

.

.

.

.

.

3

7
7
7
5

(4.4)

where

hii =
p

Ei hsd

h12 =
p

gsr 1E1(1 � E 2)
 1hsr 1 hr 1d

h13 =
p

gsr 1gr 1r 2 E1(1 � E 2)(1 � E 3)
 1
 2hsr 1 hr 1r 2 hr 2d

h23 =
p

gsr 2E2(1 � E 3)
 2hsr 2 hr 2d

Finally , the v ector wc is a length- (� + 1) colored Gaussian noise v ector whose en tries are

giv en b y:

w1 = wd;1

w2 =
p

(1 � E 2)
 1hr 1dwr; 1 + wd;2

w3 =
p

(1 � E 2)(1 � E 3)
 1
 2hr 1r 2hr 2dwr; 1 +
p

(1 � E 3)
 2hr 2dwr; 2 + wd;3

an so on. W e set:

� = E
�
w y

cwc
�

= 2N0� (4.5)

Where the y op erator denotes transp ose conjugate. By p erforming a Cholesky decomp o-

sition on � , w e get:

� = 	 y	 (4.6)

Th us the equiv alen t c hannel mo del w ould b ecome:

yd	 � 1 = zSH	 � 1 + w (4.7)

where w is a white Gaussian noise v ector.

4.5 The div ersit y of co ded mo dulations o v er preco ded

SAF c hannels

The maxim um div ersit y inheren t to the SAF c hannel is dmax = � + 1 , and it can b e

collected b y an APP detector (at the destination) if linear preco ding is used at the trans-

mitter. In general, it is su�cien t to use a linear preco der that mixes the � +1 constellation
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sym b ols b eing transmitted on the c hannel to ac hiev e the full div ersit y with unco ded sys-

tems and without increasing the deco der complexit y . Ho w ev er, using larger preco ders can

further impro v e the p erformance. F rom an algebraic p oin t of view, a linear preco der of

size (� +1) 2 � (� +1) 2
is the minimal con�guration to ac hiev e the b est co ding gains (with-

out c hannel co ding) at the price of an increase in detection complexit y (The complexit y

of an APP detector gro ws exp onen tially with the n um b er of dimensions) [85].

On the other hand, for co ded systems transmitted on blo c k-fading c hannels, the c hannel

deco der is capable of collecting a certain amoun t of div ersit y that is ho w ev er limited b y

the Singleton b ound [35 ]. As sho wn in [86], the lo w est complexit y solution is to �rst

reco v er the c hannel co de div ersit y and then collect the remaining div ersit y through linear

preco ding. F or this purp ose w e deriv e hereafter an upp er b ound on the div ersit y order of a

co ded transmission through a preco ded SAF c hannel, and deduce the preco ding strategy

to ac hiev e the full div ersit y .

First, w e will in tro duce a new mo del of blo c k-fading c hannel that will b e used in the

follo wing to compute the b ounds on the div ersit y order of co ded SAF c hannels.

4.5.1 Matry oshk a blo c k-fading c hannels

In this section w e consider a blo c k-fading c hannel mo del where the set of random v ariables

of a higher div ersit y blo c k alw a ys include the set of random v ariables of a lo w er div ersit y

one, lik e Matry oshk a dolls:

De�nition 4 L et us c onsider � indep endent R ayleigh fading distributions. L et M (D; L )
b e a channel built fr om the c onc atenation of jDj blo cks, wher e D and L ar e the sets of

diversity or der and lengths of e ach blo ck, r esp e ctively. The inte ger jDj is the c ar dinality of

D . The i -th diversity blo ck is de�ne d by a line ar c ombination of a subset S(i ) of D(i ) � �
R ayleigh distributions, such that S(i + 1) � S (i ) , i.e., the blo cks ar e sorte d such that

8i < j; D(i ) � D (j ) and we assume that D(1) = � has the highest diversity or der.

Fig. 4.2 sho ws the represen tation of the Matry oshk a blo c k-fading c hannel. Notice that

nD = � for the non-preco ded c hannel.

D(1) D(2) D(nD )
S(1) = f � 1; � � � ; � � g S(2) � S (1) � � � S(nD ) � S (nD � 1)
 L (1) bits !  L (2) bits !  L (nD ) bits !

Figure 4.2: Matry oshk a blo c k-fading c hannel mo del.

Let us no w transmit a BPSK-mo dulated and in terlea v ed co dew ord of a rate- Rc co de

on the c hannel M (D; L ) . First, let us fo cus on the pairwise error probabilit y (PEP) of
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t w o giv en binary co dew ords c and c0
. Due to the c hannel mo del, the div ersit y order of

this PEP is equal to the div ersit y order of the lo w est index blo c k seeing a non n ull bit of

c� c0
. The p erformance of the co ded mo dulation has a div ersit y order upp er b ounded b y

� max de�ned as follo ws:

Prop osition 3 The diversity observe d after de c o ding a r ate- Rc c o de tr ansmitte d over a

M (D; L ) channel is maximize d by � max :

� max = D(i ) wher e

i � 1X

k=1

L (k) < R c

jDjX

k=1

L (k) �
iX

k=1

L (k) (4.8)

and is achievable for any line ar c o de.

Pr o of: This pro of is inspired from the Singleton b ound's one. The co de has parameters

(N; K ) , where N =
P jDj

k=1 L (k) and K = RcN .

If K >
P i � 1

k=1 L (k) , whatev er the co de, a puncturing of the last

P jDj
k= i L (k) bits leads

to a n ull minimal Hamming distance co de. This means that there exists t w o co dew ords c
and c0

suc h that the �rst

P jDj
k= i L (k) bits of c� c0

are n ull, and in v olv es that � max � D (i ) .

If the co de is linear, there exists an in terlea v er that mak es the co de systematic. If

the information bits are transmitted on the blo c ks of higher div ersit y order and K �P i
k=1 L (k) , the Hamming distance after puncturing the last

P jDj
k= i +1 L (k) bits remains

strictly p ositiv e and induces that � max � D (i ) . �

As a remark, whatev er the QAM mo dulation is, the log-lik eliho o d ratio expression

of the c hannel mo del at the output of the APP detector alw a ys tak es equiv alen t BPSK

mo dulations at its input. The b ound on the div ersit y order applies then to an y discrete

mo dulation.

4.5.2 Preco ded SAF c hannel mo dels and asso ciated b ounds

Non-preco ded SAF c hannels

The time p erio ds of the SAF c hannel can b e sorted in to � + 1 blo c ks, the j -th blo c k

corresp onding to the transmission through 0 � j � 1 � � rela ys. W e will assume that the

in terlea v er of the BICM is ideal, i.e., that for an y pair of co dew ords (c; c0) , the w non-n ull

bits of c � c0
are transmitted in di�eren t blo c ks of � + 1 time p erio ds. The in terlea ving,

mo dulation and transmission through the c hannel transform the co ded w ords c and c0

in to the p oin ts C and C0
in an Euclidean space. F or a �xed c hannel, the p erformance is

directly link ed to the Euclidean square distance jC �C 0j2 , whic h can b e rewritten as a sum

of w square Euclidean distances asso ciated to the non-n ull bits of c � c0
.
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The p erformance of a BPSK mo dulation transmitted through j � 1 rela ys during j
time p erio ds of a quasi-static SAF c hannel has a div ersit y order j . The square distance

jC �C 0j2 is a function of the fading co e�cien ts of the equiv alen t c hannel. It can b e factor-

ized as follo ws:

P � +1
k=1 d2

k where dk is the total Euclidean distance seen b y the k -th blo c k.

Finally , the div ersit y order of a giv en pairwise error probabilit y is equal to the maximal

index k suc h that dk is non-n ull. A t v ery high SNR, the p erformance is lead b y the w orse

pairwise error probabilit y , the div ersit y order of the BICM is then the lo w er b ound of all

pairwise error probabilities div ersit y orders.

A t the output of the APP detector, an equiv alen t blo c k-fading c hannel is observ ed

and the constituen t blo c ks do not ha v e the same in trinsic div ersit y order: A soft output

b elonging to the � + 2 � j -th blo c k carries the atten uation co e�cien ts f hsd; hsr 1hr 1d;
: : : ; hsr 1hr 1 r 2 � � � hr j � 2 r j � 1 hr j � 1dg. As a remark, blo c ks are sorted suc h that the j -th blo c k

carries a div ersit y order � +2 � j . Under p erfect in terlea ving, the equiv alen t SAF c hannel

at the output of the APP detector is a matry oshk a M ([� + 1; �; : : : ; 1]; [N=(� + 1) ; : : : ;
N=(� + 1)]) c hannel, where N is the n um b er of co ded bits p er co dew ord. With this

observ ation, w e can conclude that the upp er b ound on the div ersit y order of a non-

preco ded SAF c hannel is

� max; 1(�; R c) = 1 + b(1 � Rc) ( � + 1) c (4.9)

whic h is equal to the classical Singleton b ound on the div ersit y order of blo c k-fading

c hannels [16].

Preco ded SAF c hannels

Let us no w in tro duce a linear preco der that rotates sym b ols of s di�eren t div ersit y order

blo c ks together. First of all, let us fo cus on t w o di�eren t scenarios:

� The linear preco der size is lo w er than (or equal to) � +1 . In this case, the dimension

of the receiv ed v ector yd remains unc hanged, th us there is no increase in detection

complexit y , and no dela y is in tro duced to the proto col.

� The linear preco der size is lo w er than (or equal to) (d+1)( � +1) � (d+1)( � +1) , where

d is the dela y (i.e. the source broadcasts for d + 1 time slots b efore the rela ys start

to co op erate). In this case, the complexit y of the detector increases exp onen tially

with d. As men tioned previously , these preco ders are mandatory to ac hiev e optimal

p erformance for unco ded systems. Ho w ev er, in the presence of c hannel co ding, they

can b e a v oided.

W e will no w presen t t w o preco ding strategies and compute the b ound (4.8) for these t w o

particular cases.
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First strategy: a single preco der First, let us assume that s div ersit y blo c ks of size

N=(� + 1) are linearly preco ded together, then the div ersit y order of the new sN=(� + 1) -

length blo c k is the maxim um div ersit y order of the preco ded blo c ks. As the other blo c ks

k eep their o wn div ersit y , it seems natural to maximize their div ersit y orders in a w a y to

increase the co ding gain at the output of the deco der (The b est p erformance is ac hiev ed

for a blo c k-fading c hannel with div ersit y orders as equal as p ossible.). The length of the

preco der input v ector is � + 1 . W e prop ose to preco de the �rst blo c k with the s � 1 last

blo c ks, i.e., the highest div ersit y order with the s � 1 lo w est ones. A t the output of the

APP detector, the c hannel mo del is a matry oshk a M (D; L ) where D = [ � + 1; �; : : : ; s ]
and L = [ sN=(� +1) ; N=(� +1) ; : : : ; N=(� +1)] , whic h leads to the follo wing upp er b ound

on the div ersit y order:

� max; 2(�; R c; s) = min( s + b(1 � Rc) ( � + 1) c; � + 1) (4.10)

Indeed, b y replacing D = [ � + 1; �; : : : ; s ] and L = [ sN=(� + 1) ; N=(� + 1) ; : : : ; N=(� + 1)]
in (4.8), w e observ e that if Rc � s=(� + 1) then Rc(� + 1) � s+ i � 1 < R c(� + 1) + 1 , else

w e ha v e that i = 1 and � max; 2(�; R c; s) = D(1) . It is then easy to sho w that the upp er

b ound on the div ersit y is giv en b y (4.10). Note that, in the represen tation of Fig. 4.2, w e

ha v e that nD = � � s + 1 with preco ding.

If s = 1 , then � max; 2(s) is equal to the Singleton b ound on the div ersit y order of

an uncorrelated blo c k fading c hannel with equal p er-blo c k div ersit y . If s � 1, � max; 2(s)
is greater than the upp er b ound on the div ersit y order for blo c k fading c hannels. F or

example, the full div ersit y order cannot b e ac hiev ed for the transmission of a s = 2 -

preco ded BICM with rate 2=3 on a blo c k fading with div ersit y order 3 (the div ersit y is

upp er b ounded b y 2). F or the SAF c hannel, the full div ersit y order can b e ac hiev ed in

that case, as sho wn in Fig. 4.3.

As a remark, in order to ac hiev e the upp er b ound on the div ersit y of a blo c k fading

c hannel, at least one non n ull bit of an y w ord c� c0
should b e placed in as man y indep enden t

blo c ks as giv en b y the singleton b ound. F or preco ded SAF c hannels, the b ound is ac hiev ed

as so on as one non n ull bit of an y w ord c� c0
is placed in a blo c k of div ersit y higher than

� max; 1(s) . The last problem has less constrain t than the �rst one. T ables 4.1 and 4.2 sho w

the v alues of � max; 2(�; R c; s) for di�eren t co ding rates with resp ect to the n um b er of rela ys

and the v alue of s. W e can notice that full div ersit y is obtained with s � (� + 1) Rc in all

con�gurations.

Second strategy: (� + 1) =s preco ders Let us assume that s divides � + 1 , w e can

then use (� + 1) =s preco ders: The �rst preco des the highest div ersit y order blo c k with

the s � 1 lo w est ones. The second, if an y , preco des the second highest div ersit y order

blo c k with the s � 1 lo w est non-preco ded ones, and so on. By using this preco ding

strategy that includes sev eral indep enden t preco ders, w e further increase the div ersit y

of the extrinsic probabilities at the input of the deco der, and consequen tly the div ersit y
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Figure 4.3: T w o-rela y SAF co op erativ e c hannel, Rc =2/3 RSC (25,37,35) 8 co de, BPSK

mo dulation, 1440 co ded bits.

T able 4.1: � max; 2(�; R c; s) for Rc = 1=2

� n s 1 2 3 4 5
1 2 2

2 2 3 3

3 3 4 4 4

4 3 4 5 5 5

5 4 5 6 6 6

6 4 5 6 7 7

7 5 6 7 8 8

8 5 6 7 8 9

at the output of the deco der. Indeed, the equiv alen t M (D; L ) c hannel has parameters

D = [ � + 1; �; : : : ; � + 2 � (� + 1) =s] and L = [ sN=(� + 1) ; : : : ; sN=(� + 1)] , whic h leads

to the follo wing upp er b ound on the div ersit y order:

� max; 3(�; R c; s) = min
�

(� +1)( s� 1)
s + 1 +

j
(1� Rc )( � +1)

s

k
; � + 1

�
(4.11)



66

4. Coded modula tions f or the amplify-

and-f or w ard coopera tive channel

T able 4.2: � max; 2(�; R c; s) for Rc = 3=4

� n s 1 2 3 4 5 6
1 1 2

2 1 2 3

3 2 3 4

4 2 3 4 5

5 2 3 4 5 6

6 2 3 4 5 6 7

7 3 4 5 6 7 8

It can b e easily sho wn that

� max; 2(�; R c; s) � � max; 3(�; R c; s) (4.12)

Ho w ev er, the maxim um div ersit y order � max; 2(�; R c; s) = � max; 3(�; R c; s) = � + 1 is

ac hiev ed for the same s � (� +1) Rc . The adv an tage of � max; 3(�; R c; s) o v er � max; 2(�; R c; s)
is for non-full div ersit y sc hemes. In addition, it is imp ortan t to note that the b ounds in

(4.10) and (4.11) ha v e straigh t-forw ard applications to systems emplo ying dela y preco ders.

4.6 Co ding strategies

Based on the b ounds on the div ersit y order deriv ed in the previous section, one can

c ho ose a go o d co ding strategy giv en the system parameters (i.e. n um b er of rela ys, co ding

rate...). As for the co ding gain, it is tedious to analytically compute the pairwise error

probabilit y for the NAF and SAF proto cols, as it in v olv es in tegrations o v er the pro duct

of t w o or more complex Gaussian v ariables represen ting the di�eren t c hannel gains hj` .

No w consider � 2 = k
�
x � x

0�
SH k2

with x � x
0

=
P � +1

k=1 d2
k . Next, w e lo ok at the

distribution of � 2
as an empirical to ol that helps us in c ho osing the b est co ding strategy .

Fig. 4.4 sho ws the distribution of � 2
for the single-rela y NAF proto col. F rom the b ounds

on div ersit y of (4.10) and (4.11), w e notice that if Rc � 1=(� + 1) , w e do not need to

preco de for div ersit y purp ose, as the c hannel deco der reco v ers the en tire div ersit y of order

� + 1 . Ho w ev er, w e can see that for unrotated QPSK input, there is a high n um b er of

small squared distances, th us w e can eliminate the small v alues of � 2
b y rotating the

QPSK v ector. When the v ector z has relativ ely small cardinalit y , it is useful to rotate the

transmitted signal constellation with s = smax = � +1 in a w a y to com bine all the sym b ols

together. A rotation pla ys the role of "smo othing" the distribution of the input v ector

x , making it tend to the Gaussian distribution. Ho w ev er, unlik e for MIMO systems (see

Fig. 3.2), the rotation in this case k eeps the length of the transmitted v ector unc hanged.
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Figure 4.4: Distribution of � 2
for the single-rela y NAF proto col.

With an increase in the constellation size, a rotation with smax generates a dense

v ector space, making the extrinsics at the output of the detector su�er from in terference

b et w een sym b ols. In this case, as the unrotated constellation generates a reasonable � 2

distribution with a small n um b er of small distances, an optimized in terlea v er [18 ] that

approac hes the ideal in terlea ving condition is su�cien t to pro vide high co ding gains and

maxim um div ersit y . No w if Rc > 1=(� + 1) , rotations are mandatory to ensure full di-

v ersit y at the receiv er. F or the same reasons as when Rc � 1=(� + 1) , w e use rotations

with smax for small size constellations. With large size constellations, it is judicious to

minimize the in ter-sym b ol in terference and c ho ose a rotation with the minim um s that

satis�es the b ounds � max; 2(�; R c; s) or � max; 3(�; R c; s) . W e can then ensure full div ersit y

and at the same time deliv er b etter qualit y extrinsics (than with smax ) to the c hannel

deco der. Note that if no iterations are p ossible at the receiv er, the smin that allo ws for

maximal div ersit y leads the optimal p erformance of the D-ST-BICM.

The threshold at whic h w e can c hange the co ding strategy (i.e. the v alue of s) cannot

b e computed analytically , but sim ulations sho w ed that a rotation with smax giv es b etter

p erformance with BPSK and QPSK mo dulations, while degrading the co ding gain with

16-QAM constellations or higher. T o conclude as to whic h strategy to follo w in order to

ac hiev e high co ding gains, w e can sa y that:

I) With BPSK and QPSK mo dulations, alw a ys use preco ders with smax whatev er the

co ding rate Rc is.
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I I) With 16-QAM mo dulations and higher:

1) If Rc � 1=(� + 1) , do not preco de, use optimized in terlea v ers from [18].

2) If Rc � 1=(� + 1) , preco de with smin that satis�es � max; 2(�; R c; s) or � max; 3(�; R c; s) .

I I I) If no iterations are p ossible, preco de with smin that satis�es � max; 2(�; R c; s) or � max; 3(�; R c; s)
whatev er the co ding rate Rc is.

These strategies will b e illustrated in the next section. Finally , note that whatev er the

v alue of s is, there is no increase in the APP detection complexit y .

4.6.1 Sim ulation results

In this section, w ord error rate p erformances are compared to information outage proba-

bilit y for di�eren t system con�gurations to illustrate the results presen ted in the previous

sections. W e consider the half-duplex SAF co op erativ e c hannels with di�eren t co ding

rates and constellation sizes. W e set the v alues of E1 = 1 , and E2 = E3 = E1=2 so that the

receiv ed energy is in v arian t from slot to slot. The geometric gain co e�cien ts gij are all

set to 0 dB in this section. The space-time preco ders are (IOM) as presen ted in section

3.6. They are selected from the ensem ble of random rotations as:

Pout (S) = P (I SH < (� + 1) :m:Rc) (4.13)

As an example, the 3 � 3 rotation SIOM;s =2 that satis�es � max; 2(�; R c; s) obtained for the

SAF proto col with t w o rela ys, 16-QAM input, and half-rate c hannel co ding is giv en b y:

SNAF � IOM ;s= 2 =

2

4
0:69e� 2:84 0 0:72e� 0:12

0 1 0
0:72e� 1:11 0 0:69e� 1:29

3

5
(4.14)

Fig. 4.5 sho ws the outage probabilit y for QPSK input, rotated QPSK input with an

IOM rotation, and Gaussian input of the single-rela y NAF proto col. Without rotation,

the discrete input curv e is ab out 2dB a w a y from the Gaussian input. With IOM rotation,

the curv e roughly ac hiev es the lo w er b ound without an y increase in detection complexit y .

In Fig. 4.6, w e consider a 16-QAM mo dulation co ded with half-rate co des o v er the

t w o-rela y SAF c hannel. Without rotation, the deco der is not capable of reco v ering the

div ersit y as sho wn in (4.10). A dding a rotation with smax ensures the div ersit y , but mixes

three 16-QAM sym b ols whic h results in a dense signal space. W e can ac hiev e sligh tly

b etter p erformance using a preco der with s = 2 as it creates less in terference b et w een

signals, while ensuring maxim um div ersit y . Note that this gain app ears since the �rst

iteration.

Finally , Fig. 4.7 sho ws the p erformance of QPSK constellation on a three-rela y SAF

co op erativ e c hannel using Rc = 1=2 and Rc = 3=4 co des. Div ersit y is pro vided in sev eral

w a ys; for Rc = 3=4 co des, a rotation with s = 3 is su�cien t to pro vide div ersit y , while

t w o s = 2 rotations are used for Rc = 1=2. Ho w ev er, to ac hiev e optimal co ding gains, a

rotation with smax has to b e used.
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Figure 4.5: Outage probabilit y comparison for the single-rela y NAF proto col: QPSK

input, rotated QPSK input with 2 � 2 IOM rotation, and Gaussian input.

F or all these con�gurations, p erformance less than 2dB a w a y from outage probabilit y is

ac hiev ed for co dew ord sizes in the range of 1000-1500 co ded bits.

4.7 Co de m ultiplexing o v er c hannel states for the half-

duplex NAF co op erativ e c hannel

As discussed in section 3.8, c hannel m ultiplexers can ensure maximal div ersit y orders and

optimal co ding gains for turb o co des on blo c k-fading c hannels pro vided the rate of the

co de resp ects Rc � 1=Dst , where Dst is n um b er of states of the BO c hannel. F or b oth

the cases of single-input single-output blo c k-fading c hannel with Dst blo c ks [53] and the

MIMO c hannel with Dst c hannel states (see section 3.8), b oth the horizon tal m ultiplexer

and the h- � -diagonal m ultiplexer ensured maximal div ersit y for turb o co des. Ho w ev er, the

h- � -diagonal m ultiplexer sho w ed b etter co ding gain as it help ed to equalize the partial

Hamming w eigh ts in (3.59). It is of great b ene�t to see what is the optimal c hannel

m ultiplexer for turb o co des in the NAF proto col, as it w as discussed in section 4.6 that

for high sp ectral e�ciencies a rotation degrades the p erformance of the co de. In the sequel,

w e will only discuss the case of half-rate turb o co des o v er the single-rela y half-duplex NAF

co op erativ e c hannel. The generalization to the � -rela y case is straigh t-forw ard as long as
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Figure 4.6: T w o-rela y SAF co op erativ e c hannel, Rc =1/2 NRNSC (23,35) 8 co de, 16-QAM

mo dulation, 1440 co ded bits.

Rc � 1=(� + 1) . W e sho w in Fig. 4.8 the c hannel m ultiplexers for half-rate turb o co des

o v er the NAF c hannel. Note that when the t w o c hannel states of the BO-c hannel are

separated b y a commas, this means that the binary elemen t si is sen t in the �rst time

slot of the co op eration frame, and consequen tly it sees all the states of the matry oshk a

c hannel. The t w o m ultiplexers of Fig. 4.8 ensure maximal state div ersit y at the receiv er

o v er a t w o-state BO-c hannel as sho wn for MIMO c hannel with nt = 2 (see section 3.8).

The di�erence is that with horizon tal m ultiplexing, div ersit y is alw a ys guaran teed b y the

�rst RSC co de, as all the information bits see the t w o states of the BO-c hannel. With

h- � -diagonal m ultiplexing, div ersit y is ensured through the t w o constituen t co des as for

the MIMO c hannel. Ho w ev er, the co ding gains pro vided b y the t w o m ultiplexers for the

NAF proto col are di�eren t from that of the MIMO c hannel. T o illustrate this issue, let

us consider the pro duct ! 1! 2 of the partial Hamming w eigh t in (3.59). Supp ose that the

constituen t RSC co des are t w o half-rate (7; 5)8 co des, and that the input w eigh t is ! = 2 .

Consider no w error ev en ts of length L = 4 + 3 j and total Hamming w eigh t wH = 6 + 2 j ,

i = 0 : : : (N � 4)=3. F or horizon tal m ultiplexing, ! 1 = 6 + 2 j and ! 2 = 2 . F or h- � -

diagonal m ultiplexing, ! 1 = 6 + 2 j and ! 2 = 3 + j . Let ! 1i , ! 2i , ! 1p , and ! 2p b e the

partial w eigh ts of information and parit y bits. F or horizon tal m ultiplexing, ! 1i = ! 2i = 2 ,

! 1p = 6 + 2 j , while ! 2p = 0 . F or h- � -diagonal m ultiplexing, ! 1i = 2 , ! 2i = 2 if j is o dd,

! 2i = 1 otherwise. ! 1p = 4 + 2 j , ! 2p = 1 + j if j is o dd, ! 2p = 2 + j otherwise. Unlik e
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Figure 4.7: Three-rela y SAF co op erativ e c hannel, Rc =1/2 (23,35) 8 (con tin uous red lines)

and 3/4 (13,25,61,47) 8 (dashed blue lines) NRNSC co des, QPSK mo dulation, 1024 co ded

bits.

Horizon tal Multiplexer

s1 1 , 2 1 , 2 1 , 2 1 , 2 1 , 2 1 , 2

s2 1 X 1 X 1 X

s3 X 1 X 1 X 1

H- � -diagonal Multiplexer

s1 1 , 2 1 1 , 2 1 1 , 2 1

s2 1 X 1 X 1 X

� � 1(s3) X 1 , 2 X 1 , 2 X 1 , 2

Figure 4.8: Single-rela y NAF c hannel: Horizon tal (top) and h- � -diagonal (b ottom) m ul-

tiplexers for a rate 1/2 parallel turb o co de.

the case of t w o-state BO-c hannel where information bits ha v e div ersit y 1 with horizon tal

m ultiplexing, the horizon tal m ultiplexer b etter protects the information bits than the

h- � -diagonal m ultiplexer o v er the single-rela y NAF c hannel. In fact, this in terpretation
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joins the results on the b ound on the div ersit y of Matry oshk a blo c k-fading c hannels under

ideal in terlea ving deriv ed in section 4.5, whereas an optimized in terlea v er mak es the co de

systematic and places the information bits on the blo c k carrying the maximal div ersit y

order.

4.7.1 Sim ulation results

Fig. 4.9 and 4.10 sho ws the p erformance of half-rate turb o co des with di�eren t c han-

nel m ultiplexers and with 2 � 2 IOM rotations o v er the single-rela y NAF proto col. As

sho wn in section 4.6, IOM rotations are b est p erforming for QPSK constellations, allo w-

ing the co de to approac h the outage probabilit y b y less than a dB. On the opp osite, it

is imp ossible for the co de to manage the in terference b et w een QAM sym b ols created b y

IOM rotations for large constellations. In addition, horizon tal m ultiplexing sligh tly out-

p erforms the h- � -diagonal m ultiplexing in Fig. 4.9 for large constellations, as it b etter

protects information sym b ols. The gain of horizon tal m ultiplexing is ev en higher in Fig.

4.10 when the geometric gain gsr b et w een the source and the rela y is considerable. Note

that, lik e for MIMO systems, w ord error rate p erformance of turb o-co ded mo dulations

o v er the NAF proto col is insensitiv e to in terlea v er size.
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Figure 4.9: Single-rela y NAF c hannel: F rame error rate comparison for QPSK (dashed

blue lines) and 64-QAM (con tin uous red lines) mo dulations, turb o co de with Rc = 1=2,

(17; 15)8 . gsr = 0 dB.
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Figure 4.10: Single-rela y NAF c hannel: F rame error rate comparison for QPSK (dashed

blue lines) and 64-QAM (con tin uous red lines) mo dulations, turb o co de with Rc = 1=2,

(17; 15)8 . gsr = 20 dB.

4.8 Conclusions

In this c hapter, a framew ork for c hannel co ding o v er the amplify-and-forw ard co op erativ e

proto col with iterattiv e deco ding w as established. Bounds on the div ersit y orders for

co ded systems for the case where all terminal ha v e a single an tenna. It w as sho wn that

preco ding without in tro ducing time dela y to the co op eration frame can lead the D-ST-

BICM to ac hiev e maximal div ersit y . The absence of dela y is ev en more imp ortan t in that

it do es not increase the detection complexit y at the destination. It w as also discussed

that preco ding all the sym b ols together, whic h migh t lo ok as a reliable maxim um div ersit y

solution, is in fact harmful for the o v erall co ding gain for large constellations. These co ding

strategies also hold when no iterations are p ossible at the receiv er. W e also presen ted

c hannel m ultiplexing issues for turb o co des o v er the AF proto col, and sho w ed that w e

can closely approac h the outage probabilit y limit ev en for large constellations.
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Chapter 5

Design of irregular turb o co des for

blo c k-fading c hannels

5.1 In tro duction

In section 3.8 and 4.7, w e sho w ed that turb o-co ded mo dulations using con v en tional turb o

co des are capable of approac hing the outage limit of t w o t yp es of blo c k-fading c hannels,

that are the MIMO c hannel and the NAF co op erativ e c hannel. Fig. 5.1 sho ws the outage

b oundaries for a t w o-state blo c k-fading c hannel. The fading co e�cien ts � 1 and � 2 b elong

to f 0; + 1g . It w as discussed in [52] and [64 ] that, in order to approac h the outage limit

o v er blo c k-fading c hannels, t w o conditions ha v e to b e met:

� Reducing the gap on the ergo dic line: this is done b y using a co de that has a lo w

deco ding threshold.

� Reducing the gap at in�nit y: this is done b y using a blo c k-wise maxim um distance

separable (MDS) co de, i.e. a co de that ac hiev es the Singleton b ound of (2.25) [87 ].

In this c hapter, in a goal to outp erform con v en tional turb o co des on the blo c k-fading c han-

nel, w e design irregular turb o co des with excellen t deco ding thresholds o v er the A W GN

c hannel, whic h meets with the �rst condition. W e then prop ose a sligh t mo di�cation of

the h- � -diagonal m ultiplexer [53 ] that suits the irregular turb o co de, in a w a y to ensure

full div ersit y and meet with the second condition. Our design is limited to half-rate ir-

regular turb o co des o v er t w o-state blo c k-fading c hannels. Generalization to higher state

div ersit y c hannels is straigh t-forw ard as long as Rc � 1=Dst . W e will start b y in tro ducing

turb o co des in general, whic h allo ws us to presen t the structure suitable for the design

of irregular turb o co des. W e will then presen t the Densit y Ev olution (DE) and Gaussian

Appro ximation (GA) metho ds that allo w us to design our co des. W e will conclude b y

sho wing �nite-length results for the A W GN c hannel and DE results for the blo c k-fading

c hannel.
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Ergodic
Line

Bad Code

Good Code

Outage Limit

+ 1

+ 1

fading � 1

fading � 2

Figure 5.1: Outage b oundaries for 2-state blo c k-fading c hannel.

5.2 T urb o co des

In 1993, Berrou et al. [88] astonished the co ding comm unit y b y in tro ducing a new class

of �turb o co des� that could ac hiev e near-Shannon-limit p erformance with relativ ely lo w

deco ding complexit y . In this c hapter, w e will consider the concept of turb o co ding to

design irregular turb o co des for di�eren t c hannel t yp es.

The enco der of a parallel turb o co de is sho wn in Fig. 5.2 b elo w. An information sequence

b is enco ded b y a recursiv e systematic con v olutional (RSC) co de to generate a �rst parit y

bit sequence; the same sequence is then scram bled b y an in terlea v er � and enco ded b y a

second RSC co de to generate a second parit y bit sequence. If the turb o enco der transmits

all the three sequences, the o v erall rate w ould b e 1=3. In order to obtain a half-rate

turb o enco der, w e usually puncture half of the parit y bits of the �rst parit y sequence,

and alternativ ely half of the bits of the second parit y sequence. The use of recursiv e

con v olutional enco ders and a random in terlea v er is essen tial to mak e the turb o co de

�random-lik e�. Indeed, the w ork of Battail in [38] on random co des w as the motiv ation

b ehind the turb o co des.

The iterativ e probabilistic deco der for the ab o v e turb o enco der is sho wn in Fig. 5.3.

Deco ders SISO 1 and SISO 2 are soft-input soft-output [89 ] deco ders using the forw ard-

bac kw ard algorithm [89 ] for RSC co de 1 and RSC co de 2. Eac h deco der reads the obser-

v ations on information bits and the observ ations on its o wn parit y bits. The in terlea v er �
p erm utes the observ ations of the �rst deco der to giv e them to the second one. A deco der

generates extrinsic probabilities on information bits that are fed to the other deco der as

a priori probabilities on information bits.

A t the �rst iteration, all a priori probabilities are set to 1=2. With the iterativ e

pro cess, only extrinsic information ev olv es through the iterativ e pro cess, not the c hannel
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RSC1

RSC2

�

Figure 5.2: P arallel turb o enco der.

SISO 1 SISO 2

� � 1

�

�

� � 1

Figure 5.3: P arallel turb o deco der.

observ ations. A t the last iteration, decisions are made on the a p osteriori probabilities

on information bits. W e can see that turb o co des are actually turb o deco ded not turb o

enco ded, as the iterativ e feedbac k of extrinsic information recalls the feedbac k of exhaust

gases in a turb o-c harged engine.

Fig. 5.4 sho ws the p erformance of a half-rate parallel turb o co de with t w o RSC (37; 21)8
constituen t co des on an A W GN c hannel for di�eren t in terlea v er sizes.

The curv e has t w o main regions; the w aterfall region, that is due to the fact that

the use of a length- N in terlea v er e�ectiv ely reduces the n um b er of lo w-w eigh t co dew ords

b y a factor of N [62] [63 ]; and the error �o or region, that is due to the relativ ely p o or

minim um distance. Indeed, it w as sho wn in [90 ] that the minim um distance of turb o co des

is upp er-b ounded b y a quan tit y that gro ws only logarithmically with the in terlea v er size,

and the authors in [91] prop osed an in terlea v er design that alw a ys ensures this b ound.

In most cases, the t w o constituen t RSC enco ders in Fig. 5.2 are iden tical (i.e. same

constrain t length and generator p olynomials). This is equiv alen t to the fact of merging

the t w o constituen t enco ders in to a single one, and doubling the size of the in terlea v er.

T o do so, a 2-fold rep eater has to b e added b efore in terlea ving. Fig. 5.5 b elo w giv es the
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Figure 5.4: P erformance of half-rate parallel turb o co de with t w o RSC (37; 21)8 con-

stituen t co des, N = 4096 (con tin uous red curv es) and N = 65536 (dashed blue curv es).

represen tation of the equiv alen t enco der, that w e will call �self-concatenated� turb o co de:

Repetition RSC Encoder�

Figure 5.5: Equiv alen t �self-concatenated� turb o enco der.

It lo oks actually as a rep eat-accum ulate (RA) co de in whic h the information sequence

is transmitted as w ell. The deco der for suc h a turb o enco der is di�eren t from the classical

turb o enco der, as there is only one SISO deco ding blo c k (see Fig. 5.6). In this case,

extrinsic information is generated b y the �extrinsic computing� (EC) blo c k b y simply

setting the a priori probabilit y on an information bit equal to the extrinsic probabilit y of

the other bit in the rep eated pair.

In this new represen tation, eac h information bit is connected to the co de trellis via

t w o edges in the propagation tree. W e hence sa y that the de gr e e of the information bits is
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Figure 5.6: Equiv alen t turb o deco der.

d = 2 , and that the turb o co de is regular. Using this structure, one can create irregularit y

b y rep eating a certain fraction f i of the bits i times, pro viding bits that are more pro-

tected than in the regular case. Lik e for lo w-densit y parit y c hec k (LDPC) co des [1] [92 ],

irregularit y can b o ost the p erformance of turb o co des for large blo c k lengths. The �rst

w ork that in tro duced irregularit y to turb o co des in order to ac hiev e b etter p erformance

is [93]. Results as close as 0:3dB from capacit y at bit error rate of 10� 4
w ere obtained

b y rep eating a fraction of the co ded bits (i.e. b oth the information and parit y bits) more

than t wice. In [94], in a sligh tly di�eren t design, a fraction of the information bits is

rep eated d times with d > 2, while the parit y bits remained of degree 1. In order not

to alter the co ding rate, a fraction f p of the parit y bits is punctured, whic h lead to ev en

b etter results.

The enco der of an irregular turb o co de is similar to that of Fig. 5.5, with the di�erence

that an information sequence b is fed to a non-uniform rep eater that divides the informa-

tion bits in to d classes with d = 2; :::; dmax , where dmax is the maxim um bit-no de degree.

The n um b er of bits in a class d is a fraction f d of the total n um b er of information bits at

the turb o enco der input, kno wing that bits in class d are rep eated d times. Finally , the

output of the non-uniform rep eater is in terlea v ed and fed to the RSC constituen t co de,

of whic h (1 � f p)% of the parit y bits are transmitted. The deco der is also similar to that

of Fig. 5.6, with the di�erence in that the extrinsic probabilities in the EC blo c k are

computed as:

� (bdj ) =
db� 1Y

`=0 ;`6= j

� (bd` ) (5.1)

The normalization of these extrinsic probabilities is not necessary as far as w e op erate

with log-lik eliho o d ratios (LLR). Ho w ev er, this normalization is p erformed for �nite length

sim ulations in section 5.6. No w let K denote the length of the information sequence, N
the in terlea v er size, � the rate of the RSC constituen t co de, and Rc the rate of the turb o

co de. W e can write the follo wing:

dmaxX

d=2

f d = 1 (5.2)
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dmaxX

d=2

d:f d = d (5.3)

N = K
dmaxX

d=2

d:f d = K: d (5.4)

Rc =
K

K + N
� � N

=
1

1 +
�

1
� � 1

�
d

(5.5)

� =
1

1 + (1 � f p)
�

1
� 0

� 1
�

(5.6)

where � 0 = k=n is the initial rate of the constituen t RSC co de b efore puncturing.

In the next sections w e will in tro duce metho ds that allo w to ev aluate the con v ergence

b eha vior of co des de�ned on graphs in general, that will b e used to design irregular turb o

co des in the sequel.

5.3 Densit y ev olution for irregular turb o co des

In this section, w e consider rate- Rc irregular turb o co des built from a rate- � RSC con-

stituen t co de and degree pro�le f f dgd=1 ;:::;dmax . W e assume that the all-zero co dew ord is

mo dulated in to x = � 1; � 1; :::; � 1 and transmitted o v er an A W GN c hannel with v ari-

ance N0 . A t the output of the c hannel, eac h receiv ed BPSK sym b ol can b e written as

y = x + n = � 1 + n , so the conditional probabilit y densit y function (PDF) is giv en b y:

p(yjx = � 1) =
1

p
2�N 0

e� (y+1) 2 =2N0
(5.7)

The LLR of the c hannel observ ation y is th us:

LLR 0 = log
p(yjx = � 1)
p(yjx = +1)

=
2

N0
y =

2
N0

(� 1 + n) (5.8)

This giv es a Gaussian random v ariable that follo ws the distribution p0(x) � N (m0; v0)
with:

m0 = �
2

N0
; v0 =

4
N0

(5.9)

The propagation tree for irregular turb o co des is sho wn in Fig. 5.7. A bit-no de of

degree d with probabilit y � d = d:f d=d has d � 1 incoming extrinsic probabilities and one

outgoing a priori probabilit y also called partial APP . The APP of an information bit is

obtained b y the sum of the incoming extrinsics and the outgoing partial APP asso ciated

to the same edge of the graph. W e assume that the in�nite-size in terlea v er has no cycles,

assumption that giv es a p erfect tree graph represen tation.

F or ev ery bit bd of degree d, w e compute the forw ard-bac kw ard algorithm [89] o v er a
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Figure 5.7: Propagation tree of an irregular turb o co de.

windo w W around the bit, whose size should b e large enough to guaran tee a correct APP

ev aluation. The algorithm computes extrinsic information on bd whose distribution is

computed. In [95 ], it w as sho wn that for con v olutional co des, when the c hannel observ a-

tion and the a priori probabilities at the input of the co de are indep enden t and iden tically

distributed (i.i.d), the a p osteriori probabilit y densit y is indep enden t of the bit p osition.

Consequen tly , the extrinsics are indep enden t from a priori probabilities, th us only one

histogram is su�cien t to ev aluate the extrinsic probabilit y distribution of all the informa-

tion bits bd; d = 1; :::; dmax . Throughout the iterativ e pro cess, the a priori probabilit y of

a bit of degree d is computed as the sum of d � 1 extrinsics giv en b y the distribution of

the extrinsics.

The log-ratio of the extrinsic information at iteration i is de�ned as:

LLR i =
log(� i (bd = 1)
log(� i (bd = 0)

(5.10)

A signal-to-noise ratio is said to b e admissible if the error probabilit y v anishes after a �nite

n um b er imax of iterations of the APP deco der. The smallest admissible signal-to-noise

ratio is called thr eshold . W e describ e hereafter the Densit y Ev olution (DE) metho d:

� Initialize the c hannel noise v ariance N0 = N0(Eb=N0) .

� Initialize the extrinsic probabilit y densit y function pLLR i (x) b y a Dirac impulse.
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� F or eac h iteration i = 1; :::; imax

� Giv en the densit y pLLR i � 1 (x) of LLR i � 1 , compute the new densit y pLLR i (x) of

the outgoing extrinsic information LLR i .

� Compute the error probabilit y Pb(i ) on information bits.

� Stop the densit y ev olution if Pb(i ) is v anishing (i.e. < 10� 5) .

� if i = imax and Pb(i ) > 10� 5
, c ho ose a greater v alue for Eb=N0 and restart, else

c ho ose a smaller v alue and restart.

The total bit error probabilit y at iteration i is giv en b y:

Pb(i ) =
dmaxX

d=2

f dPb(d; i) (5.11)

Where Pb(d; i) is the bit error probabilit y of class d giv en b y the area under the tail

of the probabilit y densit y function pd;i (x) of the APP inside class d written as:

pd;i (x) = F � 1
�
F [p0(x)] F d [pLLR i (x)]

�
(5.12)

Where p0(x) � N (� 2=N0; 4=N0) is the probabilit y densit y function of the c hannel lik e-

liho o d. Densit y ev olution giv es a v ery accurate limit on the con v ergence b eha vior of

capacit y-approac hing co des, and it w as used to �nd optimal degree pro�les for LDPC

co des in [1] [96 ]. Ho w ev er, �nding a go o d degree pro�le using densit y ev olution requires

in tensiv e computations and a long searc h, since the optimization problem is not con v ex

[97]. F urthermore, it do es not pro vide an y insigh t to the design pro cess, as one has to

p erform an exhaustiv e searc h o v er a wide range of pro�les to �nd the b est ones. In the

next section, a less-accurate - but m uc h faster - metho d for studying the con v ergence

b eha vior of iterativ e deco ding will b e studied.

5.4 Gaussian appro ximation for irregular turb o co des

In [98], an approac h for �nding con v ergence b eha vior of iterativ e deco ders using extrinsic

information transfer (EXIT) c harts w as prop osed. Although this metho d is not as ac-

curate as densit y ev olution, its lo w computational complexit y mak es it v ery attractiv e.

EXIT c harts pro vide one-dimensional analysis that can reduce the problem of optimizing

the degree pro�le of an irregular co de to a linear program. This w a y the optimization

algorithm b ecomes m uc h faster and giv es a qualitativ e insigh t to the con v ergence b eha vior

of the deco der.

There ha v e b een man y approac hes based on one-dimensional analysis of graph co des, and

they assume that the PDF of the deco der's log-ratio is appro ximately Gaussian. All GA

are more or less equiv alen t, di�erences stand in the Gaussian parameters estimation and
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in the c hart parameters (m utual information, signal-to-noise ratio, error probabilit y ...).

The problem with GA metho ds with LDPC co des is that appro ximation is accurate only

for messages sen t from bit-no des, as the con v olution of the extrinsic distribution with the

PDF of the c hannel lik eliho o d (that is Gaussian) in (5.12) giv es a �someho w� Gaussian

distribution. On the opp osite, the extrinsics distribution from c hec k-no des is far from

b eing Gaussian, as the c hec ks are connected to a small n um b er of bit-no des in a LDPC

co de propagation tree. With con v olutional co des ho w ev er, as the c hec k constitues the

whole windo w o v er whic h the deco ding algorithm is computed, the distribution of the

extrinsic probabilities at the output of the deco der is closer to a Gaussian distribution.

In the densit y ev olution metho d, w e need the output densit y pLLR i � 1 (x) of the previous

iteration in order to compute the input densit y of the next iteration. The adv an tage

of GA on this issue is that it allo ws to start the analysis from an y stage of the deco d-

ing pro cess. T o analyze one iteration, consider the tree of Fig. 5.7. W e w an t to trac k

the b eha vior of the iterativ e deco der through the v alue of the output error probabilit y

Pout at the bit-no de as a function of the input error probabilit y Pin at the c hec k-no des.

The v alues of the input error probabilities are pic k ed from the range [0; P e0], where P e0

corresp onds to the error probabilit y giv en the c hannel signal-to-noise ratio p er receiv e

sym b ol Es=N0 . The di�eren t v alues of Pin are then mapp ed on to Gaussian distributions

that are fed to c hec k-no de input. After a �one-step� densit y ev olution (as explained in

section 5.3), the distribution obtained at the output of the bit no de is appro ximated b y

a Gaussian distribution, from whic h Pout is �nally computed. There exist sev eral metrics

to appro ximate the distribution of the output of the bit-no de with a Gaussian one, the

most accurate b eing the matc hing of the symmetric Gaussian densit y to the true densit y

based on a m utual information measure as in [99].

In [100], the author prop osed a function J (� ) that maps standard deviation � of a sym-

metric Gaussian densit y to its m utual information, with:

J (� ) = 1 �
Z + 1

�1

e� (t � � 2 =2)2 =2� 2

p
2��

: log(1 + e� t )dt (5.13)

With irregular turb o co des, the c hannel observ ation is a v ailable at the parit y bits of the

RSC constituen t co de, th us Pout is computed b y appro ximating the distribution of the

extrinsics at the output of the c hec k-no de b y a Gaussian distribution using (5.13) without

an additional con v olution with the c hannel observ ation.

5.5 Irregular turb o co de design

Designing irregular turb o co des for the A W GN c hannel w as done in [93 ] [94]. In this

section, w e prop ose a new metho d for designing irregular turb o co des based on b oth GA

from [99] and DE metho ds.

First, w e compute the EXIT c hart for di�eren t v alues of f d as in [99]. This c hart giv es us
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the v alue of Pout;d for degree d as a function of Pin as:

Pout;d = f d(pin ) (5.14)

Next, b y imp osing the constrain ts:

� f d � 0 8 d

�
P dmax

d� 2 f d = 1

W e compute:

dmaxX

d� 2

d:f d

d
: f d(pin ) < p in 8pin 2 (0; p0] (5.15)

using the metho d describ ed in section 5.4. The ab o v e equation giv es us a range of v alues

of f d suc h that the tunnel in the EXIT c hart is op en, whic h means that the iterativ e

deco ding con v erges. The �nal step is then to p erform densit y ev olution o v er the range of

v alues of the f d , and c ho ose the degree pro�le that has the lo w est threshold. Note that in

order to get Rc = 1=2 or Rc = 1=3 co des for instance, strict constrain ts are imp osed on

f p . F or this reason, the linear programming metho d used to optimize the degree pro�le

of LDPC co des in [99 ] w as not considered for irregular turb o co des. In fact, this metho d

consists of maximizing the rate of the co de b y maximizing a function that dep ends on

d, giving no insigh t on the puncturing rate f p . In order to optimize the degree pro�le

at a �xed rate, one should disregard this metho d. Indeed, our design giv es the follo wing

expression for the rate of the irregular turb o co de:

R =
K

K + bK d(1 � f p)c + ndL � 1
k e

(5.16)

This means that limK !1 R = 1=2. Optimization results ha v e sho wn that one can obtain

go o d p erformance co des b y only selecting a small n um b er of non-zero degrees, th us lo w er-

ing the n um b er of densit y ev olution sim ulations to b e p erformed. As an example, supp ose

w e w an t to design a half-rate irregular turb o co de with only t w o non-zero fractions, sa y

f 2 and f 12 . The capacit y limit for Rc = 1=2 and BPSK mo dulation is around 0:18dB.

W e set the signal-to-noise ratio p er receiv e sym b ol to � 2:8dB, suc h that b y in tro ducing

a half-rate co de (i.e. b y lo osing 3dB) w e fall sligh tly ab o v e the capacit y limit. W e next

dra w the EXIT c hart as sho wn in Fig. 5.5; as there is one constituen t RSC co de in a

self-concatenated turb o co de, w e can judge if the iterativ e receiv er con v erges for a certain

degree if the transfer fucn tion of (5.14) falls b elo w the bisectrix of the [Pin ; Pout ] plane.

W e then select the degree pro�le pair f f 2; f 12g that allo w for the tunnel to b e op en, and

w e �nally get the results of T ab. 5.1 b y DE sim ulation. Similarly , the degree pair f f 2; f 10g
giv es the results of T ab. 5.2. In Fig. 5.5, w e can see that the n um b er of iterations needed

for the DE metho d to con v erge increases while approac hing the deco ding threshold of the

co de. Th us at 0:27dB, the deco der needs ab out 278 iterations to con v erge.
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Figure 5.8: EXIT c harts, single Gaussian distribution, Es=N0 = � 2:80dB.

T able 5.1: Con v ergence for half-rate irregular turb o co des, A W GN c hannel, degree pro�le

f f 2 , f 12g.

f 2 f 12 (Eb=N0)min d f p

0.89 0.11 >1.00 3.10 0.354839

0.90 0.10 0.32 3.00 0.333333

0.91 0.09 0.34 2.90 0.310345

0.92 0.08 0.27 2.80 0.285714

0.93 0.07 0.32 2.70 0.259259

0.94 0.06 0.35 2.60 0.230769

0.95 0.05 0.40 2.50 0.200000

0.96 0.04 0.41 2.40 0.166667

0.97 0.03 0.45 2.30 0.130435

0.98 0.02 0.47 2.20 0.090909

0.99 0.01 0.51 2.10 0.047619

1.00 0.00 0.55 2.00 0.000000

5.6 Sim ulation results

5.6.1 Finite-length p erformance o v er the A W GN c hannel

Fig. 5.10 sho ws the p erformance of the rate- 1=2 irregular turb o co de designed in section

5.5 with (25,37,35) RSC co de constituen t against irregular LDPC co de from [1]. The
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T able 5.2: Con v ergence for half-rate irregular turb o co des, A W GN c hannel, degree pro�le

f f 2 , f 10g.

f 2 f 10 (Eb=N0)min d f p

0.87 0.13 >1.00 3.04 0.342105

0.88 0.12 0.42 2.96 0.324324

0.89 0.11 0.44 2.88 0.305556

0.90 0.10 0.38 2.80 0.285714

0.91 0.09 0.32 2.72 0.264706

0.92 0.08 0.41 2.64 0.242424

0.93 0.07 0.40 2.56 0.218750

0.94 0.06 0.41 2.48 0.193548

0.95 0.05 0.42 2.40 0.166667

0.96 0.04 0.44 2.32 0.137931

0.97 0.03 0.47 2.24 0.107143

0.98 0.02 0.50 2.16 0.074074

0.99 0.01 0.53 2.08 0.038462

1.00 0.00 0.55 2.00 0.000000

irregular turb o co de clearly outp erforms the irregular LDPC co de for a co dew ord size

of 105
, while the gain is smaller for 106

. It is imp ortan t to men tion that the n um b er

of iterations needed for the deco der to con v erge is logarithmically prop ortional to the

in terlea v er size N of the co de [101]. No w as irregular co des are b y de�nition asymptotically

go o d, it is b etter to use regular turb o co des for smaller in terlea v er sizes. The structure of

the self-concatenated turb o co de presen ted in this c hapter allo ws to easily switc h b et w een

irregular and regular con�gurations, b y only making the rep eater uniform and sending all

the parit y bit sequence (i.e. no puncturing).

5.6.2 Densit y ev olution o v er blo c k-fading c hannels

In this section w e sho w the w ord error rate p erformance of half-rate irregular turb o co des

o v er a t w o-state blo c k-fading c hannel via densit y ev olution. As in section 5.3, w e assume

that the all-zero co dew ord is mo dulated in to x = � 1; � 1; :::; � 1 and transmitted o v er a

blo c k-fading c hannel with nc states ( nc = 2 in our case). The receiv ed signal y can b e

written as:

y = hx + w (5.17)

where w is the A W GN comp onen t with zero mean and v ariance N0 , and h is the real

fading co e�cien t that b elongs to the set:

	 = f � 1; � 2; � � � ; � nc g (5.18)
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Figure 5.9: Con v ergence b eha vior of half-rate irregular turb o co des with degree pro�le

f 2 = 0:92 and f 12 = 0:08.

In [52], it w as sho wn that the frame error rate p erformance of turb o co des under iterativ e

deco ding can b e written as:

Pef =
Z

	 2 D 0(c)
p(	) d	 (5.19)

where

D0(c) =
n

	 2 Rnc
+ j lim

i !1
lim

N !1
P i

ew(N ) = 1
o

(5.20)

is the outage region of the turb o co de and i is the n um b er of iterations of the deco der. This

region con tains the v alues of the fading co e�cien ts that lead the deco der not to con v erge.

This means that the error probabilit y of large in terlea v er sizes is giv en b y the distribution

of the deco ding threshold as a function of the fading. As in [52], w e decided to run the

DE algorithm only when there is no outage, and when � min
Eb
N0

> Eb
N0

j th , where � min is

the lo w est fading v alue within the set 	 , and

Eb
N0

j th is the co de threshold o v er the A W GN

c hannel. T o attain the b est p ossible p erformance o v er the t w o-state blo c k-fading c hannel,

w e consider the half-rate irregular turb o co de with degree pro�le f 2 = 0:92 and f 12 = 0:08
that exhibits a threshold of

Eb
N0

j th = 0:27dB o v er the A W GN c hannel that is the b est among

all other pro�les. Note that as this co de is self-concatenated, the h- � -diagonal m ultiplexer

do es not apply as it is. No w for this co de to attain the maximal div ersit y Dst = 2 with

optimal co ding gain, w e prop ose the mo di�cation of the h- � -diagonal m ultiplexer as sho wn
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Figure 5.10: Irregular turb o co de with Rc=1/2, (25,37,35) RSC co de constituen t, f 2 =
0:92, f 12 = 0:08, f p = 0:28, s-random in terlea ving (dashed blue curv es), v ersus half-rate

irregular LDPC [1] co de (con tin uous red curv es), A W GN c hannel.

in Fig. 5.11. where s1 represen ts the information bits and s2 the parit y bits of the RSC

H- � -diagonal Multiplexer

s1 1 2 1 2 1 2

� � 1(s2) 2/X 1/X 2/X 1/X 2/X 1/X

Figure 5.11: H- � -diagonal m ultiplexer for a rate 1/2 irregular turb o co de.

co de, among whic h a fraction f p is punctured (represen ted b y the X). In Fig. 5.12, w e

sho w the w ord error rate p erformance of the half-rate irregular turb o co de with (25,37,35)

RSC co de constituen t, degree pro�le f 2 = 0:92 and f 12 = 0:08, is compared to that of

a regular turb o co de with t w o (13,15) RSC co de constituen ts whom half parit y bits are

punctured o v er the t w o-state blo c k-fading c hannel, BPSK input. The regular turb o co de

with h- � -diagonal m ultiplexing is ab out 1dB a w a y from outage probabilit y , while the

irregular turb o co de with the mo di�ed h- � -diagonal m ultiplexer roughly coincides with

the BPSK input outage probabilit y .



5.7. Conclusions 89

10-4

10-3

10-2

10-1

 8  12  16  20

W
E

R

Eb/N0(dB) at the receiver

H-p-diag Regular TC
H-p-diag Irregular TC
Random Multiplexer TC
Outage BPSK
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5.7 Conclusions

In this c hapter, w e presen ted the design of irregular turb o co des that are capable of

ac hieving the outage probabilit y of the blo c k-fading c hannel. By satisfying the t w o con-

ditions that are 1) a lo w deco ding threshold o v er the A W GN c hannel and 2) full div ersit y

through c hannel m ultiplexing, irregular turb o co des outp erform all other existing co des

for su�cien tly large blo c k length. F ollo wing the de�nitions in [16 ], irregular turb o co des

are go o d co des, i.e. they exhibit a v anishing gap with the outage limit for N ! 1 , while

regular turb o co des are we akly go o d co des, as they ac hiev e a constan t gap from outage

probabilit y for an y in terlea v er size.



90 5. Design of irregular turbo codes f or block-f ading channels



91

Chapter 6

Conclusions

This man uscript presen ted space-time bit-in terlea v ed co ded mo dulations for b oth the

m ultiple-an tenna blo c k-fading c hannel and the amplify-and-forw ard co op erativ e fading

c hannel with single-an tenna no des. What these sc hemes ha v e in common is that they w ere

capable of ac hieving the maximal div ersit y orders the blo c k-fading c hannels -they w ere

designed for- allo w ed and they pro vided high co ding gains with relativ ely lo w deco ding

complexit y at the receiv er.

F or the m ultiple-an tenna c hannel, w e prop osed the follo wing:

� Information Outage Minimizing (IOM) space-time preco ders: these preco ders allo w

for optimal p erformance of the ST-BICM if no iterations are p ossible at the receiv er.

They can also b e adapted so that they b ecome optimal for b oth �one-shot� deco ding

and iterativ e deco ding

� Matrix-Alamouti space-time preco der: application of the Alamouti sc heme with t w o

transmit an tennas to four transmit an tennas. With prop er signal decoupling and

iterativ e in terference cancellation/deco ding, frame error rate robust with resp ect to

the frame size w as ac hiev ed.

� T urb o-co de design for m ultiple-an tenna systems: these systems ac hiev ed optimal

w ord error rate p erformance insensitiv e to the in terlea v er size b y using a sp ecial

m ultiplexer that places the binary elemen ts at the output of the co de �in telligen tly�

on the c hannel states. This p erformance is ac hiev ed at no additional cost in com-

plexit y .

F or the amplify-and-forw ard co op erativ e fading c hannel, the follo wing results w ere

carried out:

� Bounds on the div ersit y order of co ded systems o v er the Matry oshk a blo c k-fading

c hannel represen ting the slotted amplify-and-forw ard proto col w ere deriv ed. These

b ounds can b e ac hiev ed b y judicious preco ding without a�ecting the deco ding com-

plexit y .
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� Co ding strategies based on the b ounds on div ersit y that allo w to ac hiev e high co ding

gains dep ending on the co ding rate, mo dulation size, and n um b er of rela ys.

� T urb o-co de design for the amplify-and-forw ard co op erativ e fading c hannel: the co de

m ultiplexer that suits the Matry oshk a blo c k-fading c hannel mo del pro v ed to b e

optimal. Again, w ord error rate p erformance insensitiv e to blo c k size at no increase

in complexit y is ac hiev ed.

Finally , w e prop osed irregular turb o co des that exhibit a v anishing gap with the outage

probabilit y for large blo c k lengths o v er the single-input single-output blo c k-fading c hannel.

This is done through an adapted c hannel m ultiplexer that suits the self-concatenated

structure of the co de. This result can b e applied to an y blo c k-fading c hannel t yp e. The

material elab orated in this rep ort op ens the w a y for the follo wing p ersp ectiv es:

� Study of sub-optimal receiv ers for the SAF proto col: indeed, the upp er-triangular

structure of the c hannel matrix can allo w for the implemen tation of sub-optimal de-

tectors suc h as the Successiv e In terference Cancellation (SIC) or the SISO-Minim um

Mean-Square Error (MMSE) detectors that can pro vide a drastic complexit y reduc-

tion with resp ect to the exhaustiv e APP detector.

� Deriv e b ounds on the div ersit y order of the MIMO-SAF c hannel: in v estigate on

what div ersit y orders a D-ST-BICM can ac hiev e in the case where the no des ha v e

m ultiple an tennas.

� Study of Deco de-and-F orw ard proto cols from the D-ST-BICM p oin t-of-view.

� Study of the sc hemes prop osed in this man uscript for Multi-Carrier (MC)-CDMA

systems and OFDM systems.
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